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Introduction 



This book is encompassing those mathematical methods used in describing and solving 
second order partial differential equation (PDE) of elliptic, hyperbolic and parabolic 
type. 

Our priority is to make this difficult subject accessible to those interested in applying 
mathematics using differential equations as models. It is accomplished by adding some 
fundamental results from ordinary differential equations (ODE) regarding flows and 
their differentiability properties which are useful in constructing solution of Hamilton 
Jacobi equations. 

The analysis of first order Cauchy-Kowalevska system is limited to their application 
in constructing analytical solution for hyperbolic and elliptic equations which are fre- 
quently used in Physics and Mechanics. 

The exposition is subjected to a gradually presentations and the classical methods 
called as Fourier, Riemann, Fredholm integral equations and the corresponding Green 
functions are analyzed by solving significant examples. 

The analysis is not restricted to the linear equations. Non linear parabolic equation 
or elliptic equations are included enlarging the meaning of the weak solution. 
This university text includes a Lie-geometric analysis of gradient systems of vector 
fields and their algebraic representation with a direct implication in treating both first 
order overdetermined systems with singularities and solutions for first order PDE. 
We are aware that a scientific presentation of PDE must contain an additional text 
introducing several results from multidimensional analysis and it is accomplished in- 
cluding Gauss-Ostrogadsky formula, variational methods of deriving PDE and recov- 
ering harmonic functions from its boundary values (see appendices I, II, III of chapter 

ni). 

Each chapter of this book includes exercises and problems which can be solved pro- 
vided the given hints are used. 

Partially, some subjects of this university-text have been lectured at Abdus Salam 
School of Mathematical Sciences (ASSMS), Lahore and it is our belief that this pre- 
sentation deserve a wider distribution among universities having graduate program 
in mathematics. 

The authors express their gratitude to Abdus Salam School of Mathematical Sciences 
(ASSMS) of GC University Lahore for their encouragements and assistance in writing 
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Introduction 



this book. 

This book also includes two subjects that encompass good connection of PDE with 
differential geometry and stochastic analysis. The first subject is represented by gra- 
dient systems of vector fields and their influence in solving first order overdetermined 
systems. The second subject introduces approximations of SDE by ODE which can 
be meaningful in deriving significant results of stochastic partial differential equa- 
tions{SPDE) represented here by stochastic rule of derivation. Our belief is that such 
subjects must be presented in any introductory monography treating PDE. 



Chapter 1 



Ordinary Differential 
Equations(ODE) 



1.1 Linear System of Differential Equations 



A linear system of differential equations is described by the following scalar differential 
equations 

, i n 

= ^ay(x)2yJ'+6,(a;),a;e/CM,i = l,2,..,n (1.1) 
i=i 

where the scalar functions ay- and bi are continuous on the interval /CM (a.y , hi S 
C(J;K)). Denote z = col{y^ , . . . ,y") G R" as the column vector of the unknown 
functions and rewrite (jl.ip linear vector system 

^ ^ A{x)z + b{x),x € I CR,z £W (1.2) 
dx 

where A = (ay), («, j) € {1, . . . ,n} stands for the corresponding n x n continuous 
matrix valued function and b = col(6i, . . . ,6„) G M" is a continuous function on / 
valued in M". A solution of the system (|1.2p means a continuous function z{x) : 
I — ^ R" which is continuously differentiablc (z G C"'^(/; R")) and satisfies (|1.2I) for any 
X € /, i.e ^(a;) = A(2;)z(a;) + &(cc), for all x £ I. The computation of a solution as a 
combination of elementary functions and integration is not possible without assuming 
some particular structures regarding the involved matrix A. As far as some qualitative 
results are concerned (existence and uniqueness of a solution ) we do not need to add 
new assumptions on the A and a Cauchy problem solution receives a positive answer. 
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For a fixed pair {xo,zo) E I x M" we define {z{x) : x G /} as the solution of tlie 
system (|1.2p satisfying z{xq) = zq (Caucliy problem solution). To prove uniqueness 
of a Cauchy problem solution wc recall a standard lemma. 

Lemma 1.1.1. (Gronwall) Let Lp{x)^a{x) : [a,b] — > [0,cx3) and a constant M ^ be 
given such that the following integral inequality is valid 

(p{x) s^M + [ a{t)(p{t)dt,x e [a,b] 



where a and if are continuous scalar functions. Then 

fix) ^ Mexp / a{t)dt,y X G [a, 6] 



Proof. Denote ip{x) = M + a{x)(p{t)dt and a straight computation lead us to 

ip{x) ^ a G [a, b] and 

= a{x)ip{x) !^a{x)il;{x), X e[a,b] on 



The differential inequality in (|1.3p can be written as a scalar equation 

= a{x)ip{x)+S{x), x&[a,b] 
V-la) = M ^ ' ' 

where S{x) 5j 0, Vx e [ct, &]. Using the integral representation of of the scalar equation 
solution we get 

ip{x) = [exp / a{t)dt]{M + / (exp - / a{s)ds)5{t)dt} 

J a J a J a 

and as consequence (see S{x) ^ 0,x G [a,6])we obtain 

ip{x) ^ ipix) ^ M[exp / a(t)dt],\fx € [a,b] 



□ 

Theorem 1.1.2. (Existence and uniqueness of Cauchy problem solution) 
Let A{x) : I — > Mnxn{n x n matrices) and b{x) : I — M" be continuous functions 
and xq G / C R" be fixed. Then there exists a unique solution z{x) : I — >■ M" of the 
system satisfying the initial condition z(xq) = zq (Cauchy condition). 



Proof. We notice that a solution {z{x) : x G /} of (|1.2p satisfying z{xo) = zq fulfils 
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the following integral equation 

z{x) = zo + /" [A{t)z{t) + b{t)]dtyx e / (1.5) 

J xo 

and conversely any continuous function z{x) : I — > R" which satisfies (jl.Sp is contin- 
uously differentiable 
and 

dz 

— = A{x)z + b{x),y X G /, z(xo) = zq 
ax 

We suggest to look for a continuous function satisfying integral equation (|1.5|) and it 
is accomplished using Picard's iteration method which involves the following sequence 
of continuous functions {zk{x) : x € I}k^o 

zo{x) = zo,Zk+i{x) = zo+ I [A{t)zu{t) + b{t)]dt (1.6) 



For each compact interval J I,xo ^ J, the sequence {zk{x) : x £ J}k^o ^ C(J;M") 
(Banach space) is a Cauchy sequence in a Banach space, where 

Zk+l{x) = Zo+Ul +U2... +Uk+l,Uj + l{x) = Zj + l{x) - Zj[x),i ^ (1.7) 

In this respect, {zk{x) : a; G J} rewritten as in (|1.7p coincides with a partial sum of 
the following series 

^(x) = zo + ui + U2... + Ufe + a- e J (1.8) 

and the convergence of {^{x) : a; G J} C C( J; M") can be obtained using a convergent 
numerical series as an upper bound for it. The corresponding convergent numerical 
series is of exponential type and it is contained in the following estimate. Using 
standard induction argument we prove 

I u,+,{x) \^ (1+ I zo l) ^^'"''|j~^'jf^\ v.7 ^ 0,x e J (1.9) 

where 

k = max(maxt£j | A{t) |,maxig,/ | h{t) |) 
For j = we see easily that | ui |< (1+ | zq 1)^ I {x — xq) |,a; g J, and using 

Uj+2{x) = Zj+2{x) - Zj + i{x) = / A{t)Uj + i{t)dt 

J xo 

we get 

\u,+2{x)\^kj \u,+,{t)\dt^{i+\zo\) (1.10) 

provided {uj+i{x) : x & J} satisfies (|1.9p . As a consequence, the inequality (|1.9p 
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show us that 

I u,+,{x) \^ (1+ I zo D^yVi^'^^' e ^ (1-11) 

where | J |= maxx^j \ x — xo |and the corresponding convergent numerical series is 
given by (1+ | zq |)expfc | J |, where the constant fc ^ is defined in ()1.9p . Using ljl.lip 
into ()1.8p we obtain that sequence! Zfe(x) : x g /}/c^o defined in (|1.6p is uniformly 
convergent to a continuous function : x G J} and by passing fc — > oo in (11.61) 

we get 

Zj(x) = zo+ f [A{t)zj{t) + b{t)]dt,yx e J (1.12) 

J xo 

It shows that {zj{x) : x G J} is continuously differentiable, Zj{xQ) = zq and satisfies 
(|1.2p for any x E J C I. Define {z(a;) : a; G /} as a "inductive limit" of the sequence 

{z^(x) — (x) . X G t/m}m^l 

where 

oo 
m— 1 

Then z(x) = Zm(x),x G Jm,fn ^ 1 is continuously differentiable function satisfying 

integral equation (|1.5p . 

Uniqueness 

It will be proved by contradiction and assuming another solution {zi{x) : x G /} 
of (2)cxits such that zi{xo) = zq and zi{x*) ^ z{x*) for some x* G I then u{x) = 
z{x) — zi{x),x G /, verifies the following linear system 

u{x) = / ^(t)u(t)(it, X G /, whcre{z(x), X G /} is defined above . (1-13) 

J Xo 

Let J C / be a compact interval such that xq,x* G / and assuming that xq ^ x* we 
get 

rXo + \x-Xo\ 

ip{x) =1 u{x) 1^ / a{t)ip{t)dt, Vx G [xo,x*] (1.14) 

J Xo 

where a(i) =| A{t) |^ and Lp{t) =| u{t) \ are continuous scalar functions. Using 
Lemma 1 1.1. II with A/ = wc obtain Lp{x) — for any x G [xo,x*] contradicting 
ip{x*) > 0. The proof for xq > x* is similar. The proof is complete. □ 



1.2. FUNDAMENTAL MATRIX OF SOLUTION 

1.2 Fundamental Matrix of Solution 
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A linear homogenous system is described by 



— = A{x)z, z £W 



n 



(1.15) 



where the (n x n) matrix A{x),x € / is a continuous mapping valued in Mnxn- Let 
xo € / be fixed and denote {zi(x) : x € 1} the unique solution of (|1.15[) satisfying the 
Cauchy condition Zi{xo) = S € {1,2, ...,n} 

where {ei, e„} C R" is the canonical basis. Denote 



where Zi{x) e W is a column vector. The matrix C{x;xo),x e / defined in (|1.16p . 
is called the fundamental matrix of solutions associated with linear system (|1.15|) . 
Let S C C(/;R") be the real linear space consisting of all solutions verifying (|1.15|) . 
The following properties of the fundamental matrix {C{x; xo),x € 1} are obtained by 
straight computation. 



1.2.1 Properties 

Lemma 1.2.1. Let xq <E I be fixed and consider the fundamental matrix {C(x; xq), x G 
/} defined m (|1.16p 



C[x;xo) =11 zi{x)....Zn{x) II, .T e / 



(1.16) 



Let{z{x) : a; e /} he an arbitrary solution of (jl.lSp 



(1.17) 



Then 



z{x) = C{x; Xq)zq, X G /, where z{xq) 



{C{x;Xo),x £ /} is continuously differentiable 



(1.18) 




A{x)C{x; xo), X £ I 
In (unit matrix) 



(1.19) 



detC{x;xQ) 7^ 0,Va: G I andD{x;xo) = [C{x;xo)] ^ satisfies 



(1.20) 




—D(x;xq)A(x),x £ / 
/„ (unit matrix) 



(1.21) 



dimS = n 



(1.22) 
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Proof. For z{.) G S, let zq = z{xo) G M" be column vector and consider z(.t) = 
C{x;xo)zo,x £ I. Notice that each column of C{x;xo) is a solution of (|1.15p . As far 
as S is a linear space then {z{x) : a; G /} is a solution of (|1.15p fulfilling the Cauchy 
condition 

z{xo) = C{xo;xo)zo 

Therefore 

{z{x) : X G /}and{z(.T) : a: G /} 

are solutions for the linear system (jl.lSp satisfying the same Cauchy condition z{xo) = 
Zq = z(xo) and using the uniqueness of the Cauchy problem solution (see Theorem 
frOj) we get 

z{x) = z(.t) = C(.t; xo)zofoT anyx G / 

The conclusion (|1.17|) is proved. To get (|1.19|) we notice that each component {zi{x) : 
X G /} of {C{x; Xq), X G /}, satisfies (|1.15p and it shows directly that 

=11 ^...^ 11= Aix)Cix;xQ),xe I (1.23) 
ax ax ax 

and 

C{xo;xn) =11 ei...e„ ||=/„ (1.24) 

The property (|1.20[) can be proved by contradiction. Assuming that C{x*; xo)zo = 
for some a;* G / and zq G K", zq 7^ 0, we get that the solution z*{x) = C{x; xo)zq, x G 
/ of (|1.15p satisfies z*{x*) ~ which implies (see uniqueness) z*{x) = 0,Va; G / 
contradicting z*{xo) = zq 7^ 0. Therefore detC{x,xo) 7^ for any a; G / and denote 
D{x;xo) = [C{x]Xo)]~^ ■ On the other hand, consider {Di(a:;xo) : x G /} as the 
unique solution of the linear matrix system 

^^^^ = -D,ix; xo)A{x),x G / .^ 35) 

Di{xn;xo) =/„ (unit matrix) 

and by straight derivation we get 

Z?i(a;; a;oC(x; Xq) = /„, Va; G / (1-26) 

The equation (|1.25p shows that D{x;xq) = [C{x;xo)]~^,x G /. The last property 
(|1.22p is a direct consequence of (|1.17p and (|1.20p . Using (|1.17p . we see easily that 
dimS' ^ n and from (11.201) we obtain that {zi{x), ...Zn{x) : x G /} are n linearly 
independent solutions of (|1.15p . The proof is complete. □ 



Any basis of S will be called a fundamental system of solutions satisfying (|1.15p 
and we shall conclude this section recalling Liouville'theorem. 

Theorem 1.2.2. Let the {n x n) continuous matrix A(x) = [aij{x)]ij be given and 
consider n solutions {zi(x), z„(x) : x G /} satisfying the linear system (jl.lSp . 
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Then {W{x) : a; G /} is the solution of the following linear .scalar equation 

dWix) 



dx 

where 



= {TrA{x))W{x),x£l, W{x) = det\\ £i(x), 0„(x) || (1.27) 



TrA{x) = ^au{x) and W{x) = W{xo)exp / [TrA{t)]dt,x £ I 
for some fixed xq € I . 



Proof. By definition ^^^^^-^ ~ A{x)zi(x), x £ I,i {l,...,n} and the matrix Z{x) 
zi{x)...Zn{x) II satisfies 



dZjx) 

dx 

Rewrite Z(x) using row vectors 



Z{x) 



A{x)Z{x),x e / 



(1.28) 



,ae I 



(1.29) 



and from (|1.27p we get easily 

dipi{x) 



dx 



aij{x)ipj (x), i G {1, n}, x G I 



(1.30) 



wliere (0^1(2;), ...ai„(x)) stands for tire row "i" of the involved matrix 

A{x) = {o-ij{x))i.j<£{i n}-- On the other hand, the standard rule of derivation for a 

det Z{x) ~ W{x) gives us 



dW{x) 
dx 



Wi{x), where Wi{x) = det 



dx 



\ 'fn{x) J 



(1.31) 
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and using (|1.29p we obtain 

W,{x) = au{x)W{x) , n} (1.32) 

Combining (jl.30p and (|1.32|) wc get the scalar equation 

dW{x) 



dx 

i=l 



{Y^au{x))W{x),x e I (1.33) 



which is the conclusion of theorem. The proof is complete. □ 



We shall conclude by recalling the constant variation formula used for integral 
representation of a solution satisfying a linear system. 



1.2.2 Constant Variation Formula 

Theorem 1.2.3. (Constant variation formula) We are given continuous mappings 

A{x) : I Mnxn and b{x) : / ^ R" 

Let {C(x;xo),a; G /} be the fundamental matrix of solutions associated with the linear 
homogenous system 

^ = A(x)z, X e /, z e R" (1.34) 
dx 

Let {z{x),x G I}be the unique solution of the linear system with a Cauchy condition 
z{xo) = Zq 

f= A{x)z + bix),xel ^^35^ 



Then 



z{xo) = zo 



z{x) = C{x; Xq )[zo+ C-\t;xo)b{t)dt],x e I (1.36) 

J XO 



Proof. By definition {z{x),x € /} fulfilling (|1.36p is a solution of the linear system 
()1.35|) provided a straight derivation calculus is used. In addition using z{x) = zq and 
uniqueness of the Cauchy problem solution (see Theorem 1 1.1. 2 [) we get the conclusion. 

□ 



Remark 1.2.4. The constant variation formula expressed in (|1.36p suggest that the 
general solution of the linear system (jl.35p can he written as a sum of the general 
solution <C{x; xo)zo, x € I fulfilling linear homogeneous system ()1.34|) and a particular 
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solution (jl.35p (see zq = 0) given by 

C{x;xo) f C~\t;xo)b{t)dt,x e I (1.37) 

Jxo 

Remark 1.2.5. There is no real obstruction for defining solution of a linear system 
of integral equation 

z{x) = zo+ f [A{t)z{t) + b{t)]dt, X e [a, 6] C R, z € M" (1.38) 

J a 

where the matrix A(x) € Mnxn (md the vector b(x) € R" are piecewise continuous 
mappings of x €z [a,b] such that A{x) and b{x) are continuous functions on [xi,Xi^i) 
admitting bounded left limits 

A{xi-^-i — 0) = lim A{x),b{xi-i-i — 0) = lim b{x)for eachi £ {1,2, N ~ 1} 

(1.39) 

Here a = xq < Xi < ... < xn ^ b is an increasing sequence such that [a,b] = [xo,xn]. 
Starting with an arbitrary Cauchy condition z{xo) — zq R" , we construct the cor- 
responding solution z{x),x € [o.,b], as a continuous mapping which is continuously 
differentiable on each open interval (z^, Xi+i), i € {1,2,...,A^— 1} such that the con- 
clusions of the above given result are preserved. We have to take the case of these 
equations implying derivation ^^^^^'^"'^"^ of the solution and to mention that they are 
valid on each open interval (xi, x^+i), i e {1,2,...,A^— 1} where the matrix A{x) and 
the vector b(x) are continuous functions. Even more, admitting that the components 
of the matrix {A{x) : x €[a, b]\ and vector {b(x) : x £[a, 6]}are complex valued func- 
tions then the unique Cauchy problem solution of the linear system ()1.38p is defined 
as {z{x) e C" : X e [a,b],z{a) ^ zq e C"} satisfying (fOS]) Vx G [a,b]. 



1.3 Exercises and Some Problem Solutions 



1.3.1 Linear Constant Coefficients Equations (Fundamental Sys- 
tem of Solutions 



(Pi). Compute the fundamental matrix of solutions C'{x,0) for a linear constant 
coefficients system 

^^4^ = e R,z e M", A e A/„x« (1-40) 

dx 

Solution Since A is a constant matrix we are looking for the fundamental matrix 
of solutions C{x) ~ C(x,0), where xo = is fixed and as it is mentioned in Lemma 
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(|1.2.ip (see equation (|1.18|) V We need to solve the following matrix equation 

'-^= AC{x),xeR ,^4^. 

C{0) = In ^ ' 

The computation of {C{x) : x e M} relies on the fact that the unique matrix solution 
of (jl.40p is given by the following matrix exponential series 

expAx = /„ + ^A + ... + ^A'' + ... (1.42) 
1! fc! 

where the uniform convergence of the matrix series on compact intervals is a direct 
consequence of comparing it with a numerical convergent series. By direct derivation 
we get 

A + f,A^ + ... + ^A''+' + ... =A{cxpAx\yxeR .^^g^ 
{expAx)x=o = In 

and it shows that C{x) = exp Ax, Va; € R. It suggest the first method of computing 
C(x) by using partial sum of the series ()1.42p 

(P2)- Find a fundamental system of solutions (basis of S) for the linear constant 
coefficients system 

dz 

— = Az,x £WL,z €W,A € Mn^ri (1-44) 
dx 

using the eigenvalues A G cr (A) (spectrum of A). 
Case I 

The characteristic polynomial det{A—XIn) ~ -P(A) has n real distinct roots {Ai, ...A„} C 
R,i.ea{A) = {Ai, ...A„}, Ai 7^ Xj,i 7^ j. Let Vi ^ 0,Vi G M" be an eigenvector corre- 
sponding to the eigenvalue A.; G cr{A), i.e 

Av^ = X.,v,,i e {l,...,n} (1.45) 

By definition ,{vi, .., u„} C R"is a basis in R" and define the vector functions 

'zi{x) — {cx'pXix)vi, a; G R, i G {1, n} (1.46) 

Each {zi{x) : a; G R} satisfies (|1.43p and {zi{x), ...,Zn{x)} is a basis of the linear 
space S consisting of all solutions satisfying (|1.43p . Therefore, any solution{2(a;) : x G 
/} of the system ()1.43p can be found as a linear combination of zi (.),..., z„(.) and 
{ai, a„} from z{x) = X^ILi 2; G R will be determined by imposing Cauchy 

condition z(0) ^ zqCW. 
Case II 

The characteristic polynomial P{X) = det(A — A/„) has n complex numbers as roots 
{Ai,...,A„} ~ cr{A),Xi 7^ Xj,i 7^ j. As in the real case we define n complex valued 
solutions satisfying (|1.43p 

Zj{x) = {expXjx)vj,j G {1, ...,n} (1.47) 
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where Vj C R" is an eigenvector corresponding to a real eigenvalue Xj £ cr(A) and 
Vj G C" is a complex eigenvector corresponding to the complex eigenvalue Xj G cr(A) 



such that Vj 
value Ao = ( 



ibj,{Vj 



ibj) is the eigenvector corresponding to the eigen 



il3j,{Xj 



+ il3j,l3j ^ 0). From {z\{x), ...,Zn{x);x € 



in (|1.47|) we construct another n real solutions a; G 

(ri = m + 2fc). The first m real solutions 



defined 
as follows 



= (cxpAix)ui, i G {l,...,m} (1-48) 
when {Ai, Am} Q o'(^) are the real eigenvalues of A and another 2k real solutions 



Re?: 
Im2 



m+j 



(x) 



Zm+3(^)+^.Ti+j + fc(a:) 
2 

?m+j(a)-z„ + fc+j(a) 
2'i 



(1.49) 



for any j G {l,...,fc}. Here {Am+i, Am+2fe} C (T(yl) are the complex eigenvalues 
such that Xm+j+k = X^m+j for any j G {l,...,fc}. Since z„(x); x G M} are 

linearly independent over reals and the linear transformation used in (|1.47p and (|1.48p 
is a nonsingular one, we get {zi(x), Zn{x); x G R}as a basis of S. 
Case III: General Case 

(t{A) = {Ai,...Arf} C R, where the eigenvalue Xj has a multiplicity rij and n = 
ni + ... + ritj.In this case the canonical Jordan form of the matrix A is involved which 
allows to construct a basis of S using an adequate transformation T : R" — > R". It 
relies on the factors decomposition of the characteristic polynomial dct(A — A/„) = 
P(A) = (A — Ai)"i...(A — XdY'"'' and using Caylay-Hamilton theorem we get 



P{A) = 0(nuU matrix) 
(A-Ai/„)"^..(^-Ad/„)"^ 



0(null mapping 



(1.50) 



The equations (|1.49p are essential for finding a n x n nonsingular matrix Q =\\ 
vi...Vn II such that the linear transformation z = Qy leads us to a similar matrix 
B = Q^^AQ{B ^ A) for which the corresponding linear system 



dy 

— = By,B = diag(Si, ...,Bd),dimBj = rijj G {1, ...,d} 

has a fundamental matrix of solution. 

Y{x) — cxpBx — diag(expi?ia:, expBdx) 

Here 



B, 



(1.51) 





/ 








■ M 






1 








. 




Xjln^ + C„. ,and 





1 












V 








1 o) 





has the nilpotent property (C„^)"j = (null matrix). The general case can be com- 
puted in a more attractive way when the linear constant coefficients system comes 
from n-th order scalar differential equation . In this respect consider a linear n-th 
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order scalar differential equation 

?/"(a;) + aiy("-i)(2;) + ... + a„?/(x) = 0, x G R (1.52) 

Denote z{x) = {y{x), y^^\x), y^"'~^^{x)) G M" and (|1.5ip can be written as a linear 
system for the unknown z. 



dz 
dx 



Aqz, z G G 



(1.53) 



where 



Ao 



V 6„ / 

bi = (0,l,0,...,0),...&„_i ^ (0, ...,o, l)and6„ = {-a„, -ai) 
The characteristic polynomial associated with Aq is given by 

Po{\) = det{Ao - A/„) = A" + oiA""^ + ... + a„-iX + a„ 



(1.54) 



whereoi G M,i G {l,...,n} are given in (jl.52p . In this case, a fundamental sys- 
tem of solutions (basis) {yi{x), ...,yn{x) : a; G M} for ()1.5ip determines a basis 
{zi{x), Zn{x) : x G M}) for ()1.52p . where 

Zi{x) = column{y,{x),y'l^\x)...,yl"^^\x)},i G {1, ...,n} 

In addition, a basis {yi(x), j/2(a;)---7 2/n(a;)} for the scalar equation (jl.Sip is given by 
F= Uj=i where 



Fj = {(expAjx), a;(expAja;), x"^ (expAjx)} 
if the real Xj G (t(Ao) has the multiplicity degree nj, and 

J'j = Fj[cos) Fj{sin), if the complex A^ G (j(Ao) , Aj = aj + ifij 
has the multiplicity degree Uj, where 

Fj{cos) = {{expajx),x{expajx), ...,x"^~^{expajx)}{cosl3jx),x G . 
Fj{sin) — {(expajx), a;(expajx), a;"^~"'^(cxpQ;jx)}(sm/3jx), a; G 



(1.55) 



(1.56) 
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1.3.2 Some Stability Problems and Their Solution 



(Pi). 'z{x; zq) ~ [eyi'pAx]zo,x € [0, oo), be the solution of the 
dz 

— =Az,xe[0,oo),z{0)^zoeR" (1.57) 

We say that {'z{x, zo) : x ^ 0}is exponentially stable if 

I z(x,zo) 1^1 I (exp-7a;),Vx € [0,oo),zo G M" (1.58) 

where the constant 7 > does not depend on zq. Assume that 

cr(A + A*) = {Ai,..., Ad} satisfies Aj < Ofor anyi G {l,...,d} (1.59) 

Then {'z{x,zq) : x G [O.oo)}is exponentially stable 
Solution of Pi 

For each zq £ M", the corresponding Cauchy problem solution z(x, zq) = (exp^x) 
zq,x ^ 0, satisfies ()1.56p and in addition, the scalar function {ip{x) =\ 'z{x,zo) \'^,x ^ 
0} fulfils the following differential inequality 

dx 

where 



^ {{A + A^)z{x,zq),z{x,zo)) ^ 2w(p(x),Vx ^ (1.60) 



2w = max{Ai, A^} < o 

provided the condition (|1.58p is assumed. A simple explanation of this statement 
comes from the diagonal representation of the symmetric matrix (A + A*) when an 
orthogonal transformation T : R" M", z — Ty{T = r~^)is performed. We get 

{{A + A*)z(x, zo), z{x, zo)) = {[T-\A + A')T]y{x- zq), y{x- zq)) (1.61) 

where 

T-i(A + A*)r = diag(i.i,...,i.„) 

and 

Vi e (j{A + A*) for each {1, n} 
Using (|1.60p we see easily that 

{{A + A')z{x, zo), z{x, zo)) ^ [max{Ai, ...A4] | z(x, zq) P= 2w^{x) (1.62) 

where 

2w = max{Ai, A^} < o 

and 

Lp{x) =\ z{x;,za) {Ty{x; zo),Ty{x; zq)) = {y{x; zo),T*Ty{x; zq)) =| y{x; zq) p 
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are used. The inequality (|1.6ip shows that (|1.59|) is vahd and denoting 

> I3(x) = ^^^4^ - 2wip(x),x ^ 

ax 

we rewrite (|1.59p as a scalar differential equation 

^= 2wif{x)+l3{x),x^0 . . 

^(0) = I ^0 I ^ ' 

where (3{x) ^ 0,x £ [0,oo), is a continuous function. The unique solution of (|1.62p 
can be represented by 

ip{x) = [exp2u;x][| zq p + /" (exp - 2wt)l3{t)dt] (1.64) 

Jo 

and using (exp — 2wt)P{x) ^ for any i ^ we get 

if{x) [exp2wa:;] | zq P ,^ 

1 z{x, Zo) = [f{x)]^ < [expwa;] \ zq \ 

for any x ^ 0. It shows that the exponential stability expressed in (jl.57p is valid 
when the condition (|1.58p is assumed. 

(P2) (Lyapunov exponent associated with linear system and piecewise continuous 
solutions) Let {y{t,x) G M" : t ^ 0} he the unique solution of the following linear 
system of differential equations 

fiyit)Mt)),t^O,y{t)eR- f.QQ. 
2/(0) = xgR" ^ ' 

where the vector field f{y,cr) : K" x ^ — > R" is a continuous mapping of (2/, cr) £ 
R" X ^ and linear with respect to 1/ € R" 

/(2/, a) = A(a)2/ + a{a), A{a) e M„x„, a{a) e R" . (1.67) 

Here a{t) : [0,oo) ^(bounded set) C R'' is an arbitrary piecewise continuous 
function satisfying 

<f{t) = <f{fk),te [4,fl.+i),fc ^ (1.68) 

where = to ^ ii--- ^ ik is an increasing sequence with lim = 00. The analysis will 

be done around a piecewise constant trajectory y{t) : [0, 00) — > ^(bounded set) C i?" 
such that 

X{t) = {y{t),d{t)) : [o, 00) ^ r X ^ = A C R" X R'' (1.69) 

satisfies \{t) = X{tk),t G \tk,tk+i), k ^ 0, where the increasing sequence {tk}k^o is 
fixed in (|1.68l) . Define a linear vector field g{z,X) by 

g{z,X) ^ f{z + iy;a) = A{a)z + f{X), X = {iy,(7) G A, z G R" where /(2/; cr) (1.70) 
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is given in (|1.66|) . Let the continuous mapping {z(t, x) : t ^ 0} he the unique solution 
of the fohowing differential equation 

^= g(zW;A(t)),t^O , . 

z(0) =x ^ ^ ^ 

where the piecewise continuous function {X{t),t ^ 0} is given in (|1.68p . We may and 
do associate the following piecewise continuous mapping {z{t,x) : t ^ 0} satisfying 
the following linear system with jumps 

where {z{t^x) : t ^ 0}is the continuous mapping satisfying (|1.70p . It is easily seen 
that the piecewise continuous mapping {z{t, x) : t ^ Q\ can be decomposed as follows 

z{t, x) ^ z{t, x) + y{t, x),t^O,x<E M" (1.73) 

and the asymptotic behavior 

lim 'z{t, x) = lim y{t), x £ M", is valid provided lim y{t) exists and 

lim I z{t,x) p= (1.74) 

for X G M". We say tha.t{z(t,x) : t ^ 0} satisfying (jl.70p is asymptotically stable if 
((TT73)) is vahd. 

Definition 1.3.1. A constant j < is a Lypounov exponent for {z{t,x) : t ^ 0} if 
{S"(i, x) = {exjrft)z{t,x) : t 0}is asymptotically stable. 

Remark 1.3.2. Notice that if {z{t,x) : t ^ 0} satisfies (|1.70p then {z-y(t,x) = 
{exp^t)z{t,x) : t ^ 0}, satisfies the following augmented linear system 



^= jz.,it) + {expjt)gizit),m),t>0 

Z-y{0) = X 



(1.75) 



In addition, the piecewise continuous mapping 

z.y{t,x) = z^{t,x) +y{t),t^ (1.76) 
satisfies the following system with jumps 



M = _ yjt)]^+ {exp^t)f{z^{t), X{t)), t ^ 

Zjifk) = Zj{tk,x) + y(tk) ■ 



(1.77) 



It shows that the Lyapunov exponent 7 < found for the continuous mapping {z(t, x) : 
t ^ 0} satisfying (fTTOl) gives the answer for the following asymptotic behavior asso- 
ciated with {z(t,x)} 

lim I z^{t,x) ~y{t) P= lim \ z^{t,x) \= 0,/or eachx G M" (1-78) 
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and the analysis will be focussed on getting Lyapunov exponents for the continuous 
mapping {z{t,x) : t ^ 0} 



A description of the Lyapunov exponent associated with the continuous mapping 
{z(t,x) : t ^ 0} can be associated using the corresponding integral equation satisfied 
by a scalar continuous function 

hy(t, x) = {exp2-ft)h{z(t, x)),t^ 0, where h{z) =| z ^ (1.79) 

In this respect, applying standard rule of derivation we get 

( (e^p2^t)[2^h + Lgih)]{z^it,x),X{t),t^0 , . 

1 h^{0,x)= \x\^ ^ ' 

where the first order differential operator Lg : P2{z,X) — > P2{z, A) is given by 

Lgiip)iz,\) dMzA)),9iz,\) > (1.81) 

Here ^2(^1 A) consist of all polynomial scalar functions of second degree with respect 
to the variables z = {zi, z„) and with continuous coefficients as functions of A € A. 
In particular, for h G P2{z, A), h{z) =| z we obtain 

Lgiip)iz,X) = <dMz),g{zA)>^<[Aia)+A*{a)z,z]> +2< f{X),z> 

= < B{a)z, z>+2< /(A), z > (1.82) 



where the matrix -B(cr) = A(cr) + A*(cr)is symmetric for each cr e ^ C M'' and 
for /(A) = A{a)v + a{a),X = {v,a) e A = Y x J^, given in ([TTM)) . Rewrite H^TT^ as 
follows (see (1121])) 

dh it x) 

= -\l\h^{t,x)~ (exp27t) < [| 7 I ^ - B{d{t))]z{t, x) > 

+ 2(cxp27t) < f{X{t)),z{t, x)>,t^O. (1.83) 

Regarding the symmetric matrix 

0^(a)=|7|/„-S(a),ae^CR'' 

we notice that it can be defined as positively defined matrix uniformly with respect 
to cr e ^ 

< Q^{(7)z,z >^c \ z p,Vz G M",cr e ^,ior somec ^ (1.84) 
provided, | 7 |^|| B ||, where 

II B 11= sup II B{a) II 

In this respect, let T{a) : R" M" be an orthogonal matrix (T*(cr) = r^^(cr)) such 
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that 

B{a)e,{a)= v,{a)e,{a), j & {1,2, ...,n} ^'■^^> 

where T(cr) =|| ei{a), e„(cr) ||. On the other hand ,usmg the same matrix T(cr) we 
get 

T-i((7)Q^((7)T(a) =diagK(a),...,z.;i(a)) = r^(a) (1.86) 



where v^i^) =| 7 | —Vi{a) ^ c > for any a £ J^i^ "= {li-'-i'^}: provided 
I 7 |>|| -B II and we get 

I 7 |>|| B \\^ sup II ll^ll B{<j)ej{a) \\= sup | |,Vj G {l,...,n} (1.87) 

Using (|1.85p . it makes sense to consider the square root of the positively defined 
matrix Q-y{(7) 



'[Q^{a)] - T{a)[r^{a)]-^.T-\a) = F-,(a),a € ^ C R'' (1.88) 
and rewrite < Q~f{cr)z, z > —2 < /(A), z >= Lp-f{z, A) as follows 

^{z, A) -I P,ia)z ~ i?^(a)/(A) 1^ - | i?^(a)/(A) f (1.89) 

where 



R 



(a) = ^Q^\a) = T{a)[T,{a)r^/-'T-\a) 



Using (|1.88p we get the following differential equation 

- I 7 I h^{t-x) ~ (cxp27t) I P^{d{t)z{t-x) - R^{a,t)f(\{t))) \ 



dh^{t; x) 



dt 

+ (exp27t) I R^{d{t))f(X){t) \^,t^0 (1.90) 

The integral representation of the solution {hj{t; x) : t ^ 0} fulfilling (|1.90p leads us 
directly to 

h^{t;x) = (exp7t)[| x l"" + f (exp7s) | R^{^{s)f{X{s)) p ds] (1.91) 

Jo 

- (exp7t) / (exp7s) | P^{d{t)z{s;x) - i?^(a)(s)/(A(s))) f ds 
Jo 

for any t ^ Oandx G M". As far as {R^{a){t)f{X{t)) : t > 0} is a continuous and 
bounded function on [0, 00) we obtain that 

(exp7s) I Ry{(f){s)f{X{s)) f ds ^ C^,Vt ^ (1.92) 

^0 
and 

h^{t,x) ^ (exp7t)[| x p +C%],yt > (1.93) 
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where is a constant. In conclusion, for each 7 < 0, | 7 |> sup^.^^ | A{a) + A*{a) |, 
we obtain 

lim I z^{t,x) p= lim hy{t,x) = 
for each x € M. The above given computations can be stated as 

Theorem 1.3.3. Let the vector field f{y,a) : W x ^ — > M" be given such that 
(I1.66P is satisfied. Then any 7 < satisfying | 7 |> sup^g^-- | A{a) + A{a*) \ is a 
Lyapunov exponent for the continuous mapping {z{t,x) : t ^ 0}verifying (jl.70p . where 
X(t) = {y{t),a{t)) : [0,oo) — > A is fixed arbitrarily. In addition, let {'z{t,x) : t 0} 
be the piecewise continuous solution fulfilling the corresponding system with jumps 
(|1.76p . Then lim \ z^(t,x) — y{t) \= lim \ z^(t,x) |= for each x G R" 



Remark 1.3.4. The result stated in Theorem ] L3.S\ make use of some bounds sup^^g^^ | 
A{cr)-\-A{a'*) \~\\ B \\ associated with the unknown matrix A{a), cr G S (bounded set) C 
R''. In the particular case S = {cri, crm}> we get a finite set of matrices A{ai)^ ...A{crrn) 
for which \\ B \\= max{\ Ai + Al |, | A„, + A*^ \} where Ai = A{ai). 
An estimate of the the Theorem \1.3.3\ stating that limt-^ca{expjt) \ z{t,x) \~ 
provided \ 7 |= —7 >|| B \\ and in addition z{t,x),t ^ can be measured as contin- 
uous solution of the system (|1.70p . This information can be used for estimating the 
bounds II B \\and as far as we get limt-yoo{expit) \ z{t,x) \= 

for some 'j^< 0. We may predict that \\ B \\<\ ^\. On the other hand ,if we are able 
to measure only some projections 

Vi{t^x) =< bi,z(t,x) >,i€ {l,2,..,m} of the solution z{t,x) :t^0 satisfying (|1.70p 
then iy{t,x) = {iyi{t,x), ...lyrnit^x)) fulfils the following linear equation 

Dii{t)Mt,x)+dim),t^O (1-94) 
i^{0,x)= iy°{x) = {bi,X >, ...,brn,X >) 

where D{a) is an (m x m) continuous matrix and 

d{a) = column{< &i, /(A) >, < /(A) >) 

Here we have assumed that A* {a)[bi, ...,b,n] = [^i, ^jnl^** (f) and (|1.3.3p gets the 
corresponding version when (|1.93p replaces the original system (jl.70p 



1.4 Nonlinear Systems of Differential Equations 



Let f{x, A, y) : / x A x G — > R"be a continuous function, where I{interval) C R and 
A C R™ are some open sets. Consider a system of differential equations (normal form) 



(1.95) 
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By a solution of (|1.94p we mean a continuous function y{x, A) : J x E — > G which is 
continuously derivable with respect to a; G J such that 

= f{x,X,y{x,X)),yx e J, A e s 

where J C / is an interval and S C A is a compact set. The Cauchy problem for 
the nonlinear system (|1.94p C.P{f;xo,yo), has the meaning that we must determine 
a solution of {l)y{x,\) : J x E — > G which satisfies y{xo,X) = yo,A S S, where 
Xo S /and ?/o S G arc fixed. To get a unique C.P{f] xo,yo) solution we need to 
replace the continuity property of f by a Lipschitz condition with respect to ?/ G G 

Definition 1.4.1. We say that a continuous function f{x,X,y) : I x A x G M" 
is locally Lipschitz continuous with respect to y € G if for each compact set W — 
Jx^xA'C/xAxG there exists a constant L{W) > such that] f{x, X,y") — 
f{x,\y')^L\y" -y' |, Vy', y" € x G J, A G A 

Definition 1.4.2. We say that a G.P{f;xo,yo) solution {y{x;X) : x € J, A G X)}^* 
unique if for any other solution {yi(a;;A) : x G Ji,A G X^il '^f (|l-95p which verifies 
yi{xo) = ya,we gety{x,X) = yi(x, A), V (x, A) G ( Jx^)) fK-^i x Ei)-C'enoie _B(yo, &) C 
M„ the ball centered at yo G K" whose radius is b > 

Remark 1.4.3. By a straight computation we get that if the right hand side of (|1.94|) 
is continuously differ entiable function with respect to y ^ G, i.e 

^ix,X,y) : / X A x G^M",i G {l,...,n} 
oyi 

are continuous functions and G is a convex domain then f is locally Lipschitz with 
respect to y £ G 



1.4.1 Existence and Uniqueness of C.P(/, xq, ?/o) 



Theorem 1.4.4. ( Cauchy Lipschitz) Let the continuous function f(x; A, y) : / x A x 
G — > R" be locally Lipschitz continuous with respect to y £ G, where / C R, A C 
R™)G C M" are open sets. For some xq G I ,yo G and Yi{compact) C A fixed, we 
take a, 6 > such that laixo) = [xq — a,xo + a] C land B{yo, b) C G. Let M = maa;{| 
/(x, A, y) |: a; G /a(xo), A G S, y G B{yo, b)} . Then there exist a > 0,a = min{a, jj) 
and a unique C.P (/;xo,yo) solution y{x,X) : laixo) x E — > B{yQ,b) of (jl.95p . 



Proof. We associate the corresponding integral equation (as in the linear case) 

y(x,X)^yo+ f fit,X,yit,X))dt,xe Ia{xo),XeJ: (1.96) 

where Ia{xo) C I and '^{compact) C A are fixed. By a direct inspection, we see 
that the two systems (|1.94|) and ()1.95p are equivalent using their solutions and the 
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existence of solution for (|1.94p with y{xo) = yo will be obtained proving that (|1.95p 
has a solution. In this respect, a sequence of continuous functions {yk{x,X) : (x, A) £ 
Ia(to) X Slfejjo is constructed such that 

yoix,X) = yo,yk+i{x,\) = yo+ f{t,X,ykit,X))dt,k^O (1.97) 



Consider a ~ inin(a, jj) and Ia{xn) = [xo — a, xo + a]. We see easily that the sequence 
{yki-)}k^o constructed in (|1.96p is uniformly bounded if the variable x is restricted 
to a; £ Ia{xo) C Ia{xo)- More precisely 

yk{x,X) e B{yo,b)y{x,X) e /^(x-o) x S, fc ^ (1.98) 

It will be proved by induction and assuming that (|1.97p is satisfied for fc ^ we 
compute 

\yk+i{x,X)-yo\i^ f{t,X,yk{t,X))dt^ Ma^b (1.99) 

J Xo 

for any {(x, A) S Ia{xo) x Next step is to notice that {yk{x, A) : {x, A) € Ia{xo) x 
5^}fc>o is a Cauchy sequence in a Banach space C(/q(xo)) x CTjM" and it is implied by 
the following estimates 

I yk+iix, A) - yk{x, A) |«; bX'' ' ~ ^ '\ v(x, A) e /„(xo) x E, fc ^ (1.100) 

where L = L(VF) > is a Lipschitz constant associated with / and W = laixo) x S x 
B{yo, b), a compact set of /x Ax G. A verification of (|1.99|) uses the standard induction 
argument and for fc = they are proved in (|1.98p . Assuming (|1.99p for fc we compute 

I yk+2{xA) -yk+i{x,X) \^ C^'""""' I f{t,X,yk+i{t,X)) - f{t,X,ykit,X)) I dt ^ 

L C^'""""' I Vk+i{t,X) - yk{t,X) I dt < L^-+i^2_£2pi and dUD is vcrificd.Rewrite 

yk+i{x,X) =yo + {yi{x, A) - yo) + +yk+i{x, X) - yk{x, A) = 

= 2/0 + ^jt^Ujix, A), where = yj+i ~ y-j 

and consider the following scries of continuous functions 

Six, X)=yo + ^f^ou.ix, A) (1.101) 

The series (|1.100p is convergent in the Banach space C{Ia{xo) x S; R") if it is bounded 
by a numerical convergent series and notice that each {uj{x, A) : (x, A) G Ia{xa) x S} 
of p:iUg|) satisfies fsee prMl) ) 

I u,(x, A) |«; ^ J ^ (1.102) 

In conclusion, the series S{x, A) given in ll.lOll is bounded by the following series 

La La'' 

yo +b{l + -r + ■■■ + -rr + - = yo +bcxpLa 
1 fc! 
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and the sequence of continuous functions 

{yk{x,X) : {x,\) e Ia{xo) x Ejfc^O 

constructed in ()1.96p is uniformly convergent to a continuous function 

y{x,X) = lim ?/fc(a;, A) uniformly on(a;, A) € Ia{xo) x S (1.103) 

It allows to pass — ^ oo into integral equation (|1.96p and we get 

y(x,A) = yo+/ /(i,A,y(t,A)^,V(x,A)e/„(xo)xE (1.104) 
which proves the existence of the CP(/; xq, j/o) solution. 

Uniqueness. Letyi(a;,A) : JixEi ~> G another solution of ( |1.94p satisfying t/i (xn) = 
yo, where Ji (compact set)C / and Yii{compact) C A. Define a compact set A'l C G 
such that it contains all values of the continuous function 

{yi{x,\) : (x,A) e Ji x Si} C Ki 

Denote ^ ^ 

K = Biyo,b) n Xi, J = /„(xo) n Ji, £ = E n El 

and let _ _ _ _ 

L L( J X E X if) > 

be the corresponding Lipschitz constant associated with / and compact set W = 
J X E X K.We have J = [xq — Si,xo + 62] for some Si ^ Q and 

(.xo + |x — xol ^ 

\y{x,X)-yi{x,X)\^L | y(i, A) - yi(t, A) | dt, V(a;, A) S J x E (1.105) 

For A e E fixed, denote <p(.t) =| y{x, A) — yi(a;, A) | and inequality p.lOSp becomes 

(ps^L f ip{s)ds,t e [xq,xo + 62] (1.106) 

which shows that (p{t) = 0,Vf: G [xo,xo + (52] (see Gronwall Lemma in (jl.l.ip ) 
Similarly we get ip{t) = 0, t e [xq ~ Si,xo] 

and ip(t) = Vt G J, lead us to the conclusion y{x, A) = yi{x, A), Vcc G J and for an 
arbitrary fixed A G E. The proof is complete. □ 



Remark 1.4.5. The local Lipschitz continuity of the function f is essential for getting 
uniqueness of a CP solution. Assuming that f is only a continuous function of 
y G G,we can construct examples supporting the idea that a CP solution is not 
unique. In this respect, consider the scalar function f[y) ~ 2^J\~y\,y G M and the 

equation ^^^^ ~ 2-\/| y{t) \ with y{0) = 0. There are two CP solution.yi{t) = 0,t 
and y2{t) ~ t^ ,t ^ where a continuous but not a Lipschitz continuous function was 
used. 
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Comment. There is a general fixed point theorem which can be used for proving 
the existence and uniqueness of a Cauchy problem solution .In this respect we shall 
recall so called fixed point theorem associated with contractive mappings. Let T : 
X — >■ Xhe a continuous mapping satisfying 

p{Tx,Ty) ^ ap(x,y) for anya;, y € X 

where < a < 1 is a constant and {X, p) is a complete metric space. A fixed point 
for the mapping T satisfies Tx = x and it can be obtained as a limit point of the 
following Cauchy sequence {x„}„^o defined by Xn+i = Txn,n ^ 0. By definition we 
get p{xk+i,Xk) = p{Txk,Txk-i) < ap{xk,xk-i) < a^p{xi,XQ) for any fc > 1 and 
p{Txk+ra,Txk) < J:]Lip{xk+j,Xk+j^i) < (S™ ^ a^+J" ^ )p(a;i , xq) , where S^q"'' = 
and {xn}n^i is Cauchy sequence. 



1.4.2 Differentiability of Solutions with Respect to 
Parameters 



In Theorem 11.4. 4W e have obtained the continuity property of the C.P{f, xq, yo) solu- 
tion with respect to parameters A £ A satisfying a differential system. Assume that 
the continuous function f{x, A, y) : / x A x G — > R" is continuously differentiable with 
respect y d G and A € A i.e there exist continuous partial derivatives 

^^fe;^ : / X A X G ^ M", ^ e {1, n^j e {1, m} (1.107) 
where A C R™, G C M" are open sets. 

Remark 1.4.6. The assumption (|1.107|) leads us directly to the local Lipschitz prop- 
erty of f with respect to y £ G. In addition, let y{x, A) : /q(xo) x S — > B{yo, b) be the 
G.P(f;xo,yo) solution and define 

F{x,z{x)) = f{x,X,y{x,X)),z{x) = {X,y{x,X)) for each x G Ia{xo). Using (|1.107p 
we get that F{x, z(x)) satisfies the following differentiability property 

F{x,z"{x)-F{x,z'{x))) = M^4LM^l^[y(^,A")-2;(x,A')] 

oy 

J2^df{x,X',y{x,X')){X'' - X'A , „ 

+ E dX '- + e{x,X\X"){\y{x,X") 

j=i 1 

- yix,X')\ + \X" -X' \) (1.108) 



where 



Urn e(x,X',X") = 



uniformly with respect to x £ /q(xo). To get ()1.108p we rewrite F{x, z" {x)) 
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F{x,z'{x)) as follows 

F{x, z"{x)) - F{x, z\x)) = J\^{^, 0)]de 

where 

h{x,e) = F{x,z'{x)+e{z"{x) - z'{x)),ee [0,l],a; e /a(xo) 

The computation of the derivatives allows to see easily that p.lOSp is valid. In ad- 
dition using the assumption (jl.lOTp we obtain the Lipschitz continuity of the solution 
{y{t, A) : A e El and 

I y{x, A") - y{x, A') |^ C | A" - A' |, V:e G 1^, A', A" £ B{\o,f3) = S (1.109) 

where C > is a constant. The property (|1.109p is obtained applying lemma Gronwall 
for the integral inequality associated with the equation 



yix,X")-y{x,X')^ / [F{t,z'\t)) - F{t,z\t))]dt,x e ^xo) 
Jo 

where F{x,z{x)) fulfils (|1.108p . 

Theorem 1.4.7. (differentiability of a solution) 

Let /(x, X,y) : / x A x G — > R" be given such that (|1.107p is satisfied. Letxo S /, t/o G 
G, Aq € A 6e /ixed and define a,b,l3 > smc/i that Ia{xo) C TB{yo,b) C G, ^ = 
i3(Ao,/3) C A. T/ien i/iere exist a > and y{x,X) : /q(xo) x B{yo,b) as 

a unique G.P(/, xq, t/o) solution for (|1.94p SMc/i t/iat /or eac/i A G mtS </iere exzsi 
^^g^"*^-* = yj{x),x S /q(xo),J G 1, ...,m, satisfying the following linear system 

dz df{x,X,y{x,X)) df{x, X,y{x, Xj) . ^ n 11n^ 

d^ = ' + 9A^ ' ^ ° (^-^^^^ 

X G /a(xo) = [xo — a, xq + a] for each j G {1, m}. 



Proof. By hypothesis, the conditions of Theorem 11.4.41 are fulfiUed and let y(x, A) : 
7a(xo) X S — 7> B{yo, b) be the unique solution of (|1.94p satisfying ?/(xo, A) = yo, A G S. 
Consider A G intTi and notice that differentiability of the solution with respect to 
parameters at A = A is equivalent to showing 

limEl{x) = 0,Vx G Ia{xo)J G l,...,m (I-IH) 
where£';^(x) is defined by (ei, is canonical basis for R™) 

E^ix) = -[y{x,X + Te,)-y{x,X)-Tyj{x)lT^O (1.112) 

T 

and yj{x),x G /q(xo), is the unique solution of (|1.110|) . Using remark 11.4.61 for 
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A" = A + TCg , A' = A we get 

Jxo oy 

+ / ie{t,X + TejX)- \y{t,X + Tej -y{t,X) \+l}dt (1.113) 

Jxo T 



Denote A/i = C+ 1, wherei | A + rCj) A)) C and let L > be such that 

*'-'^)) 1^ r w+ ^ r ('^_^ T^iic,„ +1, 

dy 



dfit.\,y{t.\)) 1^ ^ I^(xq). Then the following integral inequality is valid 



/•a:o + |a:-2;o| /-xo+a 

\El{x)\^L El{x)\dt + Mi \e{t,X + Tej,X)\dt,x&I^{xQ) 

Jxo Jxo 

(1.114) 

Applying Lemma Gronwall, from p.ll4p we obtain 

/■xo+a ^ ^ 

\ El{x) Mi{ j I 6'(t, A + re^ , A) I dt)expLa (1.115) 

J xo 

Using lira 9{t, X + rej, A) = uniformly of t e /^(xo) (sec (|1.108p ) and passing r 
into (jl.llSp we obtain 

limEi{x) = 0,Vx e Iaixo),j e l,...,m (1.116) 

r— 

The proof is complete. □ 



1.4.3 The Local Flow (Differentiability Properties) 

Consider a continuous function g{x, z) : I x G ^ M", where / C R and G C M" are 
open sets. Define a new nonlinear system of differential equations 

dz 

— = g(x, z), z(xo) = A e B(zq,p) C G , wherea;o £ /, € G (1.117) 
dx 

are fixed and A e B{zo, p) is a variable Cauchy condition. Assume 

uoix Z) 

there exist continuous partial derivatives — — ^ — : I x G ^ R" z G 1, n (1.118) 

dzi 

The unique solution of (|1.117p . z{x,X) : Ia{xo) x B{zq,p) — >■ G satisfying z{xq,X) = 
X € B{zq,p) C R" will be called the local flow associated with the vector field g 
satisfying (|1.118p . 

Theorem 1.4.8. (differentiability of local flow) Consider that the vector field g £ 
C{I X G;R") satisfies the assumption (|1.118p . Then there exist a > and a con- 
tinuously differentiable local flow z{x,X) : laixo) x B{zo,p) G of g fulfilling the 
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following properties 

for eachX G intB{zo, p) there exists a nonsingular (n x n)matrix (1.119) 
Z{x) = ^^^^,x € laixo), satisfying 

1 ^ = M£-i£^z(.T),Vx € IM 

\ Z{xo) = In 



Proof. For zq G G fixed define A = {z € G : | z — zq | < p + e} = intS (zq , p + e) , where 
e > is sufficiently small such that A C G. Associate a new vector field depending 
on parameter A G A 

fix, A, y) = g{x, y + X),x e I,X e A,y e G = G - B{zo, p + e) (1.120) 

Let 6 > be such that -8(0, b) C G and B{zo,p + e + b) C G. Notice that according to 
(|1.118p we get a smooth vector field / with respect to {X,y) E AxG and the following 
system of differential equation with parameters A = (Ai, A„) C A 

^ = fix, X, y), y{xo) = 0, y G G C E" (1.121) 
ax 

satisfies the differentiability conditions of the Theorem 11.4.71 Let y{x,X) : Ia{xo) x 

B{zq,p) — 7> B{0,b) C G be the unique solution of (|1.12ip which is continuously 

differentiable on (x, A) £ Ia{xo) x intB{zo, p) and yj[x) = ^^^Qy^^ , x € /Q,(a;o),A G 
intB(zQ, p), fulfils 

{du _ af{x,X,y{x,\)) df{x,\,y{x,\)) ^ ran ^ r ( \ 

dx - Oy ,UEIK ,XElo.{Xo) (1.122) 

u{xo) = 

for each j G 1, .., n. Then z{x, A) = y{x. A) + A, a; € Ia{xo), X e B{zq, p), is the unique 
continuously differentiable solution of the nonlinear system (|1.117p with z{xo, A) = A 
and _ ^ 

Z{x) = ^ 6 Uxo),Xe tntB{zo,p) (1.123) 

where Y{x) = ^^g'^''''-' verifies the following system 

{ dY{x) _ af(x^,y{x.X)) ^/^-^ df{x,X,y{x,\)) ^ j ( \ 
^dx ~ dy V'^; "t- 9A ,-^tJQ^Xo; (1.124) 

Y{xq) ~ null matrix 
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Using (|1.123p and (|1.124p we see easily that Z{xo) = In and 

dZ{x) ^ d[Y{x)] ^ dg(x,z{x,X)) ^^^^ ^ dg{x,z{x,X)) 

dx dx dz dz 

dg{x, z{x, A)) 



dz 



Z{x),x e laixo) (1.125) 



The matrix satisfying (jl.l25p is a nonsingular one (see LiouviUe theorem) and the 
proof is complete. □ 



Remark 1.4.9. Consider the nonsingular matrix Z{x), x £ Ia{xo) given in the above 
theorem and define II{x) — [Z{x)]~^,x G /^(xo). Then H{x),x G laixo) satisfies the 
following linear matrix system 

1^= -H{xf-'i^^,xelM (1126) 

\ H{xo) ^ In 

It can be proved by computing the derivative 

d[H{x)Z{x)] ,dH(x^^ ^ dZ 



Exercise(differentiability with respect to G /) 

Let g{x, z) : I X G M" be continuously difFerentiable mapping with respect to 
z G G.Let G /, G G and /? > be fixed such that Ip{xo) = [xq — (3,xo + (3] C I. 
Then there exist a > and a continuously difFerentiable mapping z{x]s) : Ia{s) x 
Ip{xo) — > G satisfying 

= g{x,z{x-is)),x&Ia{s) = [s-a,s^a] (1127) 
z(s;s) = zqi foi' eachs G Ipixo) 

and z(a;) — G Ia{s) (fors^G int/^(a;o)) fulfills the following linear system 

dz{x) dg{x,z{x,s)) ^ r f-\ -(-\ \ l^ 1oo^ 

= -Q-^ A"^)^ 2; G /a(s), z(s) = -g(s, Zo) (1.128) 

Hint. A system with parameters is associated as in Theorem 11.4.81 and it lead us to 
a solution 

z(x,s) : Ia{s) X Ii3{xo) — !• B{zQ,b) C G 
of the following integral equation 



z(a:, s) = zo + J g{t, z{t, s))dt,x e Ia{s), s e Ip{xo) 
Take s" G intIp{xo) and using a similar computation given in Theorem 11.4.71 we get 
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lim Er{x) = 0, a; e laCs), where 

Et(x) — — [z{x,'s + t) — z{x, S") — Tz{x)],T ^ 



1.4.4 Applications(Using Differentiability of a Flow) 



(a) The local flow z{x, A) : /^(xo) x B{za,p) — > R" defined in Theorem 11.4.71 preserve 
the volume of any bounded domain D C B{zo, p) for X £ D provided yT-iMiE^iii^ = 
^n^^ dgi{xM-c,x)) ^ g /„(a;o), A e D. In this respect, denote D{x) ^ {y e W\y = 

z{x, A), A G D},x € Ia{xo) and notice that D{xo) = D. Using multiple integrals we 
compute volD{x) = / •■• / dyi...dyn which reduces to 

Dix)= J ...J I det^i^ I dAi...dA„ 



Using Liouville theorem and Tr = 0,V.t G /q,(xo),A e D, we obtain 

dei^^^j^ = 1 for any x G /^(xo), A € _D, where 

9z(a;, A) 



aA 



-,a; e /a(xo) 



satisfies the linear system (|1.119p . As a result,det]^^^^] = 1, V.t S /^(.to) and X G D, 
which proves that volD{x) = volD,x € Ia{xo) 

(b) The linear system (|1.119p given in Theorem 11.4.81 is called the linearized system 
associated with (|1.117p . 

If g{x, z) = g{z) such that g{z) satisfies a linear growth condition 

I <?(z) C(l+ I z |),Vz G R" (1.129) 
where C > is a constant ,then the unique solution z(a;, A), A G B{zo, p) verifying 

dz 

— {x,X)=g{z{x,X)),z{0) = X (1.130) 
can be extended to the entire half line x G [0, oo). 

In addition, if g{zQ) = 0{zq is a stationary point)then the asymptotic behaviour of 
z{x,X) for a; — > oo and A G B{zQ,p) can be obtained analyzing the corresponding 
linear constant coefficients system 

^"-^^^"°l,z(0) = A (1.131) 



dx d 



z 
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It will be assuming that 

A = is a Hurwitz matrix i.e (1.132) 

oz 

anyA £ (j{A){P{\) = det{A — A/„) = 0) satisfies ReX < 0, which implies | expAx |^ 
M[exp — wx] for some M > 0, w > 0. 

We say that the nonlinear system (|1.130p is locally asymptotically stable around the 
stationary solution zo(or zq is locally asymptotically stable)if there exist p > such 
that 

lim z{x,X) =Oy\e B{zo,p) (1.133) 
There is a classical result connecting (|1.132p and (|1.133|) . 

Theorem 1.4.10. (Poincare-Lyapunov) Assume that the n x n matrix A is Hurwitz 
such that 

I expAx 1^ M{exp — wx),yx G [0, oo) 

for some constant M > 0,w > 0. Let f{y) : fl C R" x R" be a local Lipschitz 
continuous function such that D, is an open set and \ f{y) L \ y \^y £ 17(0 G Vt), 
where L > is a constant. If LM — w < 0,then y ~ is asymptotically stable for the 
perturbed system 

^^Ay + f{y),y G 17, y(0) = A G 5(0, p)Qn (1.134) 
Here the unique solution {y(.T, X) : x 0} o/(40) fulfils lim y{x, A) = for each 

a;— f oo 

A G B{0,p) provided p = and B{0,p) C fl. 



Proof. Let A G be fixed and consider the unique solution {y{x,X) : x G [0,T]} 
satisfying (|1.134p . Notice that if A is sufhciently small then y{x,X) : x G [0,T],can 
be extended to the entire half line x G [0, oo). In this respect, using the constant 
variation formula for x G [0,T] and b{x) = f{y{x,X)) we get y(x, A) = (expAa;)A + 
Jq{cxp{x — t)A)f{y{t, X))dt,ioT any x G [0,r]. Using the above given representation 
we see easily the following estimation 

I y{x,X) \^\ cxpAx II A I + / | exp{x-t)A \\ f{y{t,X)) \ dt ^ 

Jo 



^\X\M (exp -wx)+ I LM (exp - w{x - t)) \ y{t, A) | dtioi anyx G [0, T] 
Jq 

Multiplying by (cxpwx) > 0, we obtain 



(expwx) I y(x, A |) ^| A | M + / LM{expwt) \ y{t,X \)dt,x G [0,r] 

"'0 

and applying Gronwall Lemma for 1^9(2;) = (cxpwx) \ y{x,X) \ we get 1^9(2;) ^| A 
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M(expLA'/a;) for any x G [0,r]. Take S > and p = ^ such that B{0,S) C n. 
It impHes | y(x, A) |^ f for anyx e [0,T] if | A |^ p. In additfon, | y(r,A) |^ 
|exp(— q;T), where a = w — LAI > and choosing T > sufSciently large such that 
Mexp — aT ^ 1 we may extend the solution y{x,X),x G [0,T] for x € [0,2T] such 
that 

I y{2T,X) H y{2T,y{T,\)) \^ M \ y{T,X) \ exp - aT (^) 

and 

I y{x, y{T, A)) ^ M | y{T, A) | exp(iM - w)x < - 

for any x G [T, 2T]. It shows that y{x,X) can be extended to the entire half line 
a; e [0, oo) if I A Is; p = and (5 > satisfies B{0, S) C n 

In addition the inequality established for x G [0,r] is preserved for the extended 
solution and | y{x,\) |^| A | AIexp{LAL — w)x ^ |exp(LAf — u;)a;, for any x € [0, oo), 
if I A jsC p = |. Passing to the limit x — ^ oo, from the last inequality we get 
lim I y{x, A) 1= uniformly with respect to A |^ p and the proof is complete. □ 



The following is a direct consequence of the above theorem. 

Remark 1.4.11. Let A be n x n Hurwitz matrix and f{y) : n{open) C M" — > M" is 
a local Lipschitz continuous function where € If \ f{y) |^ ad y |),Vy € Q, where 
a(| y I) : [0,oo) — > [0, oo) satisfies lim ^ 0. Then the unique solution of the 
.system 

^^Ay + /(y), 2/(0) = A e 5(0, p),x^O 
is a asymptotically stable( lim \ y{x, X \~ 0)) if p > is sufficiently small. 



Proof. Let AI ^ 1 and w > such that | expAa; |^ A/(exp— wx). Consider L > such 
that LAI — w < and i] > with the property a(r) ^ Lr for any r £ [0, 77]. Define 
ri = 2/ G J7; I ?/ |< r/. Notice that g{y) = Ay + f{y), y G il, satisfies the assumption of 
Poincare-Lyapunov theorem which allows to get the conclusion. □ 



We are in position to mention those sufficient conditions which implies that the 
stationary solution zo S K" of the system 

^^g(z),g{z,) = (1.135) 

dx 

is asymptotically stable. Let g(z) : D{open) C M" — > M" be given such that g(zo) = 
and 

(i) g{z) K" is continuously difFerentiable. 

(ii) The matrix = A is Hurwitz. 
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Under the hypothesis (i) and (ii) we rewrite 

g{y) = Ay + f{y),wherey = z - zoand/(y) = g{zQ + y) ~ g{zo) 

Consider the hnear system 

^^Ay + f{y),y^ {y e M" :| y \< a4 = n 

where ^ > is taken such that zo + fl C D. Using (i) we get that / is locally Lipschitz 
continuous on fl and the assumptions of the above given remark are satisfied. We see 
easily that 

f\ dg{zo + ey) dgjzo) 

^^y^= I [ — a; 9^]ydo,yen 







and 



/(y) \^a{\y\) = {f\{0,\y\)d9)\y\,yen 
Jo 



Here | y |) = max|^|^|,| | M£o±^ _ £^ | satisfies 

lim h{6, 1 y I) = uniformly on 9 G [0, 1] and lim = therefore, the assumptions 

of the above given remark are satisfied when considering the nonlinear system (|1.135p 
and the conclusion will be stated as 

Proposition 1.4.12. Let g{z) : D C M" — > M" he a continuous function and zq E D 
fixed such that g{zo) = 0. Assume that the condition (i) and (ii) are fulfilled. Then 
the stationary solution z = zq of the system (|1.135p is asymptotically stable, i.e 
lim I z(x,X) — zq 1= for any \ X — zq \^ p, ifp > is sufficiently small, where 

a:— foo 

z{x, \) : X ^ is the unique solution of (|1.135p with z(0, A) = A 

Problem. Prove Poincare-Lyapunov theorem replacing Hurwitz property of the ma- 
trix A with cr{A + A*) = {Ai, ...Ad} where A,; < 0, i G 1, d. 



Comment (on global existence of a solution) 

Theorem 1.4.13. (global existencejLet g{x,z) : [0, oo) x M" — > K" he a continuous 
function which is locally Lipschitz continuous with respect to z E W . Assume that 
for each T > there exists Ct > such that 

I g{x,z) \^ Ct(1+ I z \),\/x e [o,r], z e M" 
Then the unique C.P{g] 0, zq) solution z(x, zq) satisfying 
"^^^da^""* ~ 9(^' ■^(-''' -^o)); ^(0, Zq) = zq, is defined for any x € [0, oo). 



Proof. (sketch)It is used the associated integral equation 



z(x, Zq) = Zo + 



I g{t,z{t,zo))dt,x e[0,KT] 
Jo 
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and the corresponding Cauchy sequence allows to get a unique solution 

Zk{x,zo) : X £ [0,KT] for each K ^ 1. The global solution will be defined as an 

inductive limit Z{z,zo) : [0,oo) W-,Z(z,zq) — Zk{x,zo), if a: G [0, /fr], for each 



1.5 Gradient Systems of Vector Fields and their So- 
lutions; Frobenius Theorem 



Definition 1.5.1. Let Xj{p;y) e M" for p = e -D™ = nr(~"i'"0i2/ ^ 

V C M" be continuously differentiable (Xj € C^ iDm x V; R")) for j S {1, m}. 
We say that {Xi {p',y), Xm{p] y)} defines a gradient system of vector fields(or fulfils 
the Frobenius integrability condition) if 

-dttiP'y) ~ ^(P'V) = [^^{Pl■)^^JiP^■:■)]iy)'^^i'J e {l,---,"^}; where [Zi,Z2]{y) = 
^Z2{y) - ^^Z,iy)(Lze bracket). 



1.5.1 The Gradient System Associated with a Finite Set of 
Vector Fields 



Theorem 1.5.2. Let Y, e C'^(W^,W),xo e M", j € {l,...,m} be fixed .Then there 
exist D,n = nr(-ai' a*), ^(^^o) Q and X-jip; y) e R" 

e C^pj^i X F;R"),j e {l,...,m},Xi(pi;y) = Yi{y),such that 

^ ^Y,{y),^ = X2{ti;y),...,-^ = Xrniti,...,t,n-i;y) (1.136) 

ail OT2 OTm 

is a gradient system [^^Si^ull ~ [Xi{pi] .),Xj{pj, .)](?/), * < j) and 

G{p-x) ^ Gi{t) o ... o Gm{tm{x)),p - (ti,...,i™) e e V{xq) (1.137) 

is t/ie solution for (|1.136p satisfying Cauchy condition y(0) = x S y(xo). -ffere 
Gj{t;x) is the local flow generated by the vector field Yj,j e {1,...,to}. 



Proof. We shall use the standard induction argument and for m = I we notice that 
the equations (|1.136p and p.l37|) express the existence and uniqueness of a local 
flow associated with a nonlinear system of differential equation (see Theorem I1.4.8P . 
Assume that for (m — 1) given vector fields Yj G C^(R",R") the conclusions (|1.136p 
and p.l37p are satisfied, i.e there exist 

^2(y) = l2,^(t2,y),...,^^(i2,...,i™-i;y) (1.138) 
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continuously diffcrentiable with respect to 

p= {t2,---,tm) e YV'^i^o.iiO'i) ^nd y G V{xn) C M" such that 

It = i2(y), ^ = X3it2;y), ^ = ^(^2, ...,i™-i;2/) (1.139) 

OT2 0^3 OTm 

satisfying Cauchy condition y{0) = a; G V{xo). RecaUing that (|1.139p is a gradient 
system we notice 



[X,{p,,.),X,{p-r.)]{y),2^ i<j^3,...,m (1.140) 



where pi = (^2, ti-i) Let vector fields Yj G C^(K", M"), j G {1, m} and denote 

m 

2/ = G(p; x) = Gi(ii) o G(p; a;),p = {h,p) G a: G V{xo) C 1/(xo) (1.141) 

1 

where Gi{t){x) is the local flow generated by Yi and G{p,x) is defined in p.l38|) . 
By definition = Yi{G{p;x)) and to prove that y = G{p;x) defined in p:TiT|) 

fulfils a gradient system we write Gi(— = G{p;x) for y = G(p;a;).A straight 
computation shows 

dGi{-ti-y) dy dG{p;y) . nTAo\ 

— d-y — m- ^ ^ 

which is equivalent with writing 

§^ = Hi{-ti;y)Xj(pj;Gi{-ti;y)),j = 2,...,m. 

Here the matrix Hi{a;y) ~ [^^^^-^]~^ satisfies 
^ = -Hi^{Giia;y)),Hi{0;y) ^ /„(sec Theorem [Till) • Denote 
X2ih;y) ^ Hii-h;y)Y2{Gi{-h;y)) 

Xj{ti,...jj-i;y) = Hi{~ti;y)Xj{t2,...,tj^i;Gi{-ti;y)),j = 3,...,m 

for y G V{xo) C V{xo) and p — {ti, ...,im) G ]^5"(— a^, a^). With these notations, the 
system ()1.142|) is written as follows 

^ = Y,{y), ^ = X2{tv,y), = X„(ii, y) (1.143) 

and to prove that (|1.143p stands for a gradient system we need to show that 
dX 

-Q^iPj;y) = [X^{P^, ■),X,{pj, .)](y),l ^ i<j = 2, ...,m (1.144) 
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For j = 2 by direct computation wc obtain 
BX 

-^{tv,y) = Hi{~h;y)[Y^,Y2]{G{-h;y)) (1.145) 
and assuming that we know (see the exercise which follows) 

Hi{-tv,y)[Yi,Y2]{Gi{tuy)) = [Hi{~h- .)Y^{Gi{h- .)), ili(-ti; .)Y2{Gi{h- .))]{y) 

= [Y,{.),X2{h-.)]{y) (1.146) 

we get 

Fix 

^(ti;y) = [yi(.),X2(ii;.)](y) (1.147) 

The equation (|1.147p stands for (|1.144l) when i = land j = 2,3, ...m. It remains to 
show (|1.144p for j = 3, m and 2 ^ i < j. Using (|1.140p and 

^{Pj'^y) = Hi{-ti;y)^{pj;Gi{-ti;y)), 
we obtain 

QV 

^(p,;y) =i/i(-ti;y)[X,(p;;.),X,(p,;.)](Gi(-ti;y)) (1.148) 

if 2 < i < i < j = 3, m. The right side in p.l48p is similar to that in (|1.144p and 
the same argument used above applied to (jl.l48p allow one to write 

BX 

-Q^iPf.y) = [X.ip.; .),X,{p,; .)]{y) (1.149) 
for any 2 ^ i < j = 3, m, and the proof is complete. □ 



Exercise 1. Let X,Yi,Y2 G C2(M",M") and consider the local flow G{a;x),a G 
(— a,a),x G V{xo) C R",and the matrix H{a;x) = [^{a;x)]~^ determined by the 
vector field X(sec Theorem II. 4. 8p . Then 

Hi~t;x)[Yi,Y2]iGi^t;x)) [Hi-t; .)Yi{Gi-t; .)), H{~t; .)Y2igi^t; .Mx) 

for any t G (-a, a), x G V{xf)) C M". 

Solution. The Lie bracket in the right hand side of the conclusion is computed using 
H{—t]y) = ^{t;G{—t;y)) and using the symmetry of the matrices ^i-(t;x),i G 
{1, ...,n}, 

we get the conclusion, where G = (d, G„). 

Exercise 2. Under the same conditions as in Exercise 1, prove that 

H{-t;y)YiiG{-t;y)) = Y^iy), provided^ = Yi 
Solution. By definition H{0; y) = I„ and 

X,it;y) ^ H{-t;y)Y,{Gi-t;y)) 



satisfies Xi{0;y) = Yi(y). In addition, applying the standard derivation of Xi{t;y) 
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we get -^Xi{t;y) = which shows Xi{t;y) ~ Yi{y),t e (—a, a) and the verification 
is complete. 



1.5.2 Frobenius Theorem 



Let Xj G C^(IR", M"), J e {1,...,™} be given and consider the following system of 
differential equations 

^ = Xjiy),j = 1, m, y(0) ^xeVCR^ (1.150) 
Definition 1.5.3. A solution for (jl.lSOp means a function 

G{p\x) : An X ^ R" of class C^{G G C^{D„i x V^;M")) fulfilling t^LlM^ for 
any p = (ti,...,i,„) G D,„ = J^™(— 0^,0^) and x £ V(openset) C R". T/ie system 
(jl.lSOp is completely integrable on 9(openset) C M" if for any xq € there exists a 
neighborhood V{xq) C 9 and a unique solution G{p; x), (p; x) € Dm x ^^(xo) 0/ (jl.lSOp 
fulfilling G{0; x) = x Cz V{xo) 

Theorem 1.5.4. (Frobenius theorem) Let Xj E C^(R","),j e {1,...,7ti} &e given. 
Then the system (|1.150p is completely integrable on 

e (open set) C WHf f[Y„Yj]{x) = 

for any i,j G {1, to}, x G 0, where [Yi,Yj] ~ Lie bracket. In addition, any local 
solution y = G{p; x), (p, x) G Dm x V{xq) is given by 

G{p]x) = Gi{ti)o ...oGm{tm)ix), where Gj{a){x) is the local flow generated by Xj,j G 
{1, ...,m}. 



Proof For given {Yi, ...,Ym} <^ C'^{M." ;]&.") and xq e d C W fixed we associate the 
corresponding gradient system 

It = ^1(2^)'^ = ^2(ti;2/),...,^ = ^(t2,...,t™-i;2/) (1.151) 

Oti Ot2 Otm 

and its solution 

rn 

y = G{p]x) ^ Gi(ti) o ...oGm{tm){x),p eDm^ Yii-aj^a-j) (1.152) 

1 

satisfying G{0;xo) = .tq G l^(xo)(see Theorem II. 5. 2|) and G{p;x) G 0. By definition 
^ = Xj{ti, ...tj-i;y), j G {1,...,to}, if y = G{p;xo) and the orbit given in (|1.152[) is 
a solution of the system (ll.lSOp z f f 

X,(ti,...t,_i;y) ==r,(y),j G {2,...,m},yG n^o) C^^ (1.153) 
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To prove (|1.153p we notice that 

X2{h;y) = H,i-h;y)Y2{Gii-h;y)), for anyy G V{xo) (1.154) 

where Hi{—ti\y) = [^^(— ii; y)]~^ satisfies Hncar equation 

^{cT;y)= -H,{a-y)^-^{G^{a-y)),ae{-a,,a^) 

(see Remark (|1.4.9p ). Using (|1.154l) and (jl.lSSp . by a direct computation we get 

^2(0;?/) = r2(y),2/el/(xo) 

:2(ti 



'^Mil^- H^{-t^■y)[Y^,Y^]{G^{-^h■y)) 



for any y G V{xq) C 6*,^! g (— ai,ai). In particular 

^2(ii;2/) = i"2for anyy G V^(xo)iff[yi, FaKy) = Ofor any y G Vixo) (1.156) 
A similar argument can be used for proving that 

Xjih,...,t,-i;y) = Y,{y),fov^nyyeV{xo),j^2tff[Y,Yj]iy)=0 

for any 1 i s; j - 1, 1/ G V{xo) (1.157) 

and the conclusion of the system (|1.150p implies 

[Y,Y,]{y) = 0,Vzj G V{xo) C e,t,j G {l,...,m} (1.158) 

The reverse implication, {Yi,...Ym} C C^(R",M") are commuting on 9{open) C M" 
implies that the system is completely integrable on 9 will be proved noticing t (|1.150p 
hat 

G,iU)oG,itj)iy) = G,it,)oG,iU)iy)JoT any i,j e {I, ...,m},y e Vix„) (1.159) 

if (|1.155p is assumed. Here Gj{(j){y) is the local flow generated by the vector field 
Yj,j G {1, ...,to}. It remains to check that the orbit ()1.152p is the unique solution of 
the system (|1.150p and in this respect we notice that 

^(61; a;) ^ G{ep; x), 6 G [0, 1] (1.160) 

satisfies the following system of ordinary differential equations 

^{e;x)= J:-l,t,Y,i^{e;x))=g{p,^{e;x)) 
(p{0;x)^ x,p ^ {ti,...,tjn) e Djn 

Here g{p,y) is a locally Lipschitz continuous function with respect to y € 9 and 
{(p{6; x) : 9 E [0, 1]} is unique. The proof is complete. □ 
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Comment (total differential equation and gradient system) 

For a continuously differentiable function y{p) : D^ = Y[T(~'^f'''^k) — > 1^" define the 
corresponding differential as follows 



dy{p) = Y^j^i-^dtj 



where 

p = {ti,...,tm) e Dm 

Let{Yi, ...,Ym} C C2(M",M") be given and consider the following equation (using 
differentials) 

dy{p) = ^f^:^Yj{y{p))dtj,p e I?™, 2/(0) = x € V{xo) C M".^ solution for the last 
equation implies that 

|| = Yj{y),j e {!,..., m},p = (ti,...,t™) G is a gradient system for y £ V{xo) 
and it can be solved using Frobenius theorem( (|1.5.4p ). In addition, for an analytic 
function oi z £ D C C, 

w{z) : D — >■ C" defines the corresponding differential 

dw{z) = dwi{x, y) + idw2{x, y), z = a + iy £ D 
where w{z) = wi{x,y) + iw 2 {x,y) and 

v{x,y) ~ ^ ^ i^^y) • D2 = Y[^{^'^k,ak) is an analytic function. Let 

f{w) : f2 C C" — >■ C" be given analytic function and associate the following equation 
(using differentials) 

dw{z) = f{w{z))dz ^ [fi{v{x,y))dx ~ f2{v{x,y))dy] + 
+ i[f2{v{x,y))dx + f2{v{x,y))dy] where 

f{w) ~ fi{v) + if2{v) and /i, /2 are real analytic functions of w = ( ) £ I?2n = 

\ W2 J 

J^j," j(— flfe, Cfe). To solve the last complex equation we need to show that Yi{v) ^ 

I (u) and Y2(v) = ( ) (u)are commuting on w S D2n which shows the 

h J \ h J 

system |^ = Yi(w), ^ = Y2{v) is completely integrablc on Z?2- 



1.6 Appendix 

(ai)Assuming that f{x,y) : / x G C M x E" ^ R" is a continuous function, Pcano 
proved the following existence theorem 

Theorem 1.6.1. (Peano) Consider the following system of ODE 
dy 

= f{x,y),y{xo) = yo where {xo,yo) G I xG 

is fixed and {f{x,y) : {x,y) G / x G} is a continuous function. Then there exist 
an interval J Q I and a continuously derivable function y{x) : J ^ G satisfying 



1.6. APPENDIX 

y{xo) = yo and ^(x) = f{x,y{x)),x e J. 
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Proof. It relies on Arzela-Ascoli theorem which is refering to so called compact se- 
quence 

{ykix),xeD}k^iCCiD;«'') 
satisfying 

(i) A boundcdncss condition | yk{x) |^ M, Vx G D,k ^ 

(a) they are equally uniformly continuous, i.e for any e > there exists (5(e) > 

such that I x" - x' \< S{e) implies | yk{x") - yk{x') |< eVa;',x" e D, fc ^ 1 

If a sequence {yk{x) : x E D}k^i satisfy (i) and (ii) then Arzela-Ascoli theorem 
allows to find a subsequence {ykjix) '■ x € D}j^i which is uniformly convergent on 
the compact set D. Let a > and 6 > such that la ~ [xq — a, xq + a] C / 
and B{yQ,b) C G. Define M = max{| f{x,y) |: {x,y) € la x B{yo,b)} and let 
a = min{a, jj). Construct the following sequence of continuous functions 

a. 



(ill) 



ykix) ^ [xo,xo + a] ^ G,yk{x) ^ yoJoTx e [xo,xo . 



yk{x) = yo+ f{t, yk{t - -)), if x e [xq + t, a;o + a]for each fc > 1 



{yk{x) : X € [xq,xq + a]} is well defined because it is constructed on the interval 
[xq + rrijjXQ + (m -|- l)f-] using its definition on the preceding interval [xq + (m — 
1)^, xo +mj]. It is easily seen that{yfe(a;) : x g [xq, ajj^^i is uniformly bounded and 
I yk{x)-yo 1^ Ma ^ b. 

In addition, | yk{x") - yk{x') h 0, if x',x" e [xo,xo-Ff] and | yk{x") - yk{x') \^ M \ 
x" - x' I if x', x" G [xo + f , xo + a\ which implies | yk{x") ~ yk{x') |^ M \ x" - x' | 
for any x' , x" £ [xq , Xq + a],k ^ 1 . 

Let y{x) : [xo,xo + a] B{yQ,b) C G be the continuous function obtained using a 
subsequence{yfc (x) : x g [xo,xo -I- a]},>i,y(x) = lim yk-{x) uniformly with respect 

to X S [xo,Xo -f a\. By passing j — > oo into the equation (iii) written for k = fcj we 
get 

y{x)^yo+ / /(t, y(i))rft,Vx e [xo,xo 4-a] 
and the proof is complete. □ 



(02). Ordinary differential equations with delay 

Let cr > be fixed and consider the following system of ODE 

^(x)= /(x,y(x),y(x-cr)),x G [0,a] 



( ^ / ^ r 1 (1.162) 
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where ip £ C([— cr, 0]; K") is fixed as a continuous function(Cauchy condition), and 
f{x, y,z) : / X R" x R" -> R" is a continuous function admitting first order continuous 
partial derivatives dyj{x, y,z) : I x R" x R" — )• R", i g {1, n}. 
The above given assumptions allow us to construct a unique local solution satisfying 
(|1.162p and it is done starting with the system (jl.l62l) on the fixed interval x G [o, a] 



which satisfies the condition of Cauchy-Lipschitz theorem. In order to make sure that 

the solution of (|1.163p exists for any x £ [0, cr] we need to assume a linear growth of 

/ with respect to the variable y uniformity of {x, z) in compact sets,i-e 

(*)| f{x,y,z) |< C(l+ I 2/ |)V e R" and {x,z) € J x K [compact) C / xR",where the 

constant C > depends on the arbitrary fixed compact J x K . 

Any function / satisfying 

(**)/(x, y, z) = A{x, z)y + b[x, z), [x, z) e I x R" where the matrix A{x, z) e Af„xn 
and the vector b{x, z) e R" are continuous functions will satisfy the necessary condi- 
tions to extend the solution of (jl.l63p on any interval [ma, (m + 1)(t], m ^ 




/(x, y{x),ip{x - a)), X G [0, a] 



(1.163) 



1.6. APPENDIX 
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Exercises(Linear integrable system) 

(1) Formulate Frobenius theorem f (|1.5.4p ). Rewrite the content of Frobenius theorem 
using linear vector fields Yi{y) = Aiy, where Ai G M„xn(K),i G {1, ...,n}. 

(2) For any matrices A,Bg Mnxni^) define the meaning of the exponential mapping 
{exptadA)iB), where a(i^(adjoint mapping associated with ^)is the linear mapping 
adA : M„x«(IR) ^ MnxniM), defined by adA{B) = AB - BA= [A, B](Lic bracket of 
{A,B)). 

(3) Show that (cxpty4)S(exp - tA) ^ (expiadA)(-B), for any A,B e 7\/„xri(IR), 
t € M where (exptadA) is the linear mapping defined in (2). 

(4) Rewrite the gradient system ( (|1.5.2|) When the vector fields Yi{y) = Aiy,i g 
{1, m},are linear. Show that, in this case the vector fields with parameters are 
the following 

Yi{y) = Aiy,X2{ti;y) = {exptiadAi)iA2)y, Xmiti, ...,tm-i;y) = [expiia^Ai o 
{expt2adA2)--- ° (cxpt,„_ia(iA^_j )(A,„)]?/,such that the corresponding gradient sys- 
tem 

^ = Yi{y), ^ = X2iti,y), = Xjnih, has the unique solution 

ylti,...,tm;yo) = {exptiAi)...{expt„iAm)yo- 



Bibliographical Comments 



The entire Chapter 1 is presented with minor changes as in the }12) . 
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Chapter 2 



First Order Partial 
Differential Equation 



Let D C K." be an open set and f{y) : D — > K." is a continuous function. Consider the 
following nonlinear ODE 

Definition 2.0.2. Let Dq Q D be an open set. A function u{y) : Dq — > R is called 
first integral for p.ip on Dq if 



1. u is nonconstant on Dq, 

2. u is continuously differentiable on Dq(u G C^{Do;R)), 

3. for each solution y{t) : / C M — > Dq of the system p.ip there exists a constant 
c e R such that U{y(t)) = c,yte I. 

Example 2.0.1. A Hamilton system is described by the following system ofODE 

dp dH , , dq dH , , , , ^, 

where H{p, q) '■ Gi x G2 Q R" x R" — > R is continuously differentiable and Gi C 
R^ji S {1,2}, are open sets. Let {{p{t),q{t)) : t G [0,T]} be solution of the Hamilton 
system (|2.ip and by a direct computation, we get 

j^[H{p{t),q{t))]^Q for anyt(,[Q,T] 
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It implies H {p{t) , q{t)) = H{po,qQ)\ft G [0,T] and {H{p,q) : {p,q) G Gi x 6*2} is a 
first integral for (|2.2p 



Theorem 2.0.3. Let f{y) : D — > K." be a continuous function, Dq Q D an open subset 
and consider a nonconstant continuously differentiable function U € C^{Dq,W). Then 
{U{y) : y G -Do} fi'i^st integral on Dq of ODE iff the following differential equality 

< ^^f(y) >= ^U^{y)m = o,Vy G Dq (2.3) 

is satisfied, where 

f ~ (/li fn)} TT' — (t; 1 7^ ) 

dy dyi dyn 



Proof. Let {u{y) : y G Dq} be a continuously differentiable first integral oiODEI \2.1\i 
and consider that y{t, yo) : {~a, a) — > Do is a solution of (j2.ip verifying y(0, yo) = yo £ 
Z?o- By hypothesis, u(j/(t,yo)) = c = ^(yo), for any t G (—a, a) and by derivation, we 
get 

= ^[u(y(i,2/o))] =< ^(y(i,2/o)),/(y(i,2/o)) >, for anyt G (-a, a) (2.4) 

In particular, for t = we obtain the conclusion (j2.3p for an arbitrary fixed j/o G D'o- 
The reverse implication uses the eaualitv (|2.3p and define Lp(t) = u{y{t)),t G (—a, a) 
where u G C^{Dq,M.) fulfils and {y{t) : t G (-a, a)} is a solution of (I1?T|). It 

follows that 

^m)J{y{t)) >=0,tei-a,a) 

and 

<^(t) = constant, t G (—a, a) 
The proof is complete. □ 



Let fl C M"+i be an open set and consider that 

f{x,u) ■.n^W",L{x,u) -M^R (2.5) 

are given continuously differentiable function, / G C^{ft; R"), L G C^(r2; K). 

Definition 2.0.4. A causilinear first order PDE is defined by the following differ- 
ential equality 

< /(a;, u{x)) >^ L{x, u{x)), X G D{open) C R" (2.6) 

where f G C^{fl;M.'"), L G C^(51;IR) are fixed and u{x) : D ^ M. is an unknown 
continuously differentiable function such that (x,u{x)) ^ ^l,^x ^ D 
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A solution for (|2.6p means a function u E C^{D;M.) such that {x,u{x) £ ft) and 
p.6p is satisfied for any x £ D 

Remark 2.0.5. Assuming that L{x,u) =^ and f{x,u) = f{x) for any {x,u) € 
D X M = then PDE defined in (|2.6p stands for the differential equality ^2. in 
Theorem \2. 0.3\ defining first integral for ODE (j2.ip . In this case, the differential 
system (|2.ip is called Cauchy characteristic system associated with linear PDE 

< >=0,xeDC]R" (2.7) 

Proposition 2.0.6. Let Dq Q D he an open subset and consider a nonconstant 
continuously differ entiahle scalar function u{x) : Dq — > R. Then {u{x) : x G Dq} is 
a solution for the linear PDE (|2.7p iff {u{x) : x £ Dq} is a first integral for ODE 
(1^ on Dq. 

Definition 2.0.7. Let a £ D Q M" be fixed and consider m first integrals 

...,Um{y) '■ y S ^(fl) ^ D} for ODE (j2.ip which are continuously differentiable 
where V(a) is a neighborhood of a. We say that Ui G C^(V{a);lS.),i G {l,...,m} are 
independent first integrals of (|2.ip if rank{^^(a), ^^(a)) = m 

Remark 2.0.8. Let f e C^{D;W) and a £ D be fixed such that f (a) ^ 0. Then there 
exist a neighborhood V{a) C D and (n—l) independent first integrals {uily), u„-i{y) : 
y £V{a)} of the system (P?T|) . 



Proof. Using a permutation of the coordinates (/i, /n) = / we say that /„(a) ^ 
(see /(a) ^ 0). Denote A ^ {(Aj, A„_i) € W'^ : (Ai, A„_i, a„) e D} and 
consider {F{t, A) : (t, A) e [0, T] x E} as the local flow associated with ODE (|2TT|) 

'^^-{t,X)= f{F{t,X)),te [-a,a],AeI]CA 



dt 

FiO,X) 



(Ai, A„_i, a„) 



(2.8) 



where E C A is a compact subset and (ai, a„_i) S intY,. Using the differentiability 
properties of the local flow {F{t, A) : [t, A) G [—a, a] x E}, we get 



dF dF 
dt d\i 

( fi{a) 1 
f 
. 



dF 



= det 



^ ) .(0,ai, ...,a„_i) = 
\ 

= (-f)"+V„(a) ^ 



. . 

1 

V fn{a) ... / 

and the conditions for applying an implicit functions theorem arc fulfilled when the 
algebraic equations 



Fit, A) = y, ye V{a) C D, F{0, ai, a„„i) = a 



(2.9) 



46 CHAPTER 2. FIRST ORDER PDE 

are considered. It implies that there exist t = UQ{y), Xi = Ui{y), i G {1, n — 1}, y e 
V{a), which are continuously differentiable such that 

Fiuoiy),ui{y), u„-i(y)) = Vy G Via) (2.10) 

where Mo(y) S (-a, a) and A(y) = m„_i(?/)), A € S, for any y e V(a).^ 

In addition, {uo{y), ...^Un-i{y) : y € is the unique solution satisfying ()2.10p 

and 

uo{F{t, A)) = t, u,{Fit.X)) = A„ z e {1, n - 1} (2.11) 

Using (|2.1ip we get easily that {ui{y), Un-i{y) : y G V^(a)} arc (n— 1) first integrals 
for ODE p.ip which are independent noticing that 

dui OF 



where 



and {ei, e„} C M" is the canonical basis. In conclusion, 



dy 



for any 
and 



i,j £ 1} 
rank[ ^(a) . . . %i(a) ) 



The proof is complete. □ 

Theorem 2.0.9. Let f{y) : D — > M" be a continuously differentiable function such 
that f(a) 7^ for fixed a <E D . Let {ui(y), M„_i(y) : y e V(a) C D} he the 
(ji— 1) first integrals constructed in Theorem ] 2. U.8\ Then for any first integral of (|2.ip 
{u{y) : y € V{a)},u G C^{V,R), there exists an open set 9 C R"-'^and h € C^{0,R) 
such that u{y) h{ui{y), M„_i(y)), y £ Vi{a) C V{a). 



Proof. By hypothesis {u{y) : y G V{a)} is a continuously differentiable first integral 
of ODE jllll) and we get 

u(F(<,Ai,...,A„_i)) = /i(Ai,...,A„_i),Vt e ha, a] (2.12) 

provided that {F(t, A) : t e [—a, a], A £ S} is the local flow associated with ODE 
(I23D satisfying F(0, Ai, A„_i) = /i(Ai, A„_i, a„)(scc {Ml) of Theorem H^HiHl) • 
As far as e Ci((-Q;,a) x S;K") and u € C'^(y{a),R) we get h G Ci(6',M) fulfilling 
p.l2p where (ai, ...,a„_i) e 6{openset) C S. Using (|2.10p in Thcorcm [2.0.8l wc obtain 
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F{uo{y), Un-i{y)) = y e V{a) 

and rewrite (|2.12p for 

t = Uo{y), Xi = Ui{y).i e {1, n - 1} 

we get 

u{y) = /i(ui(?/),...,M„_i(t/))for some?/ £ Vi(a) C F(a) (2.13) 
where {ui{y), ...,Un-i{y)) ^9,y ^ Vi. The proof is complete. □ 



Remark 2.0.10. The above given consideration can be extended to non autonomous 
ODE 

^^fit,y),teeIcR,yeGcR" (2.14) 
at 

where f{t,y) : I x G ^ R" is a continuous function. 
In this respect, denote 

z = {t, y) e L> = / X G C M"+i 

and consider 

g{z) : D M"+i 

defined by 

g{z) ^ coloumn{l,f{t,y)) (2.15) 
With these notations, the system (j2.14p can be written as an autonomous ODE 

§-5(^) (2.16) 

where g e C^{D;M"^^) provided f is continuously differentiable on {t,y) E I x G. 
Using Proposition \2.0.6\ we restate the conclusion of Theorem \ 2.0.9\ as a result for 
linear PDE 



Proposition 2.0.11. Let a E D C R" be fixed such that f{a) ^ 0, where f G 
C^(D;R") defines the characteristic system (j2.ip . Let {u,;(y) : y G V{a) C D},i G 
{l,...,n — 1} be the (n — 1) first integral for (j2.ip constructed in Theorem \2.0.8l 
Then an arbitrary solution {u(x) : x € V{a) C D} of the linear PDE (|2.7p can 
berepresented 

u{x) = h{ui{x),...,Un-iix)),x e Vi(a) C V{a) 

where h G C"'(0, R) and C R"^^ is open set. In particular, each {ui : x G V{a) C D} 
is a solution for the linear PDE (j2.7p . i G {1, 7i — 1} 



Remark 2.0.12. A strategy based on the corresponding Cauchy characteristic system 
of ODE can be used for solving the qausilinear PDE given in (|2.6p . 
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2.1 Cauchy Problem for the Hamilton- Jacobi 
Equations 



A linear Hamiltonioii-Jacobi (H-J) is defined by the following first order PDE 

dtS{t, x)+ < d^S{t, x), g{t, x) >= L(t, x),t e I CR,x e G (2.17) 
where S E C^{I x G; R) is the unknown function 

and 

g{t, x) : I xG^ K", L{t, x) : I xG^R 

are given continuously differentiable functions. Here ICR and G C M" are open 
sets and for each to E I,h G C^(G;R) fixed. The following Cauchy problem can be 
defined. Find a solution S{t,x) : (to — a,tQ + a) x D R verifying (H-J) equation 
p.l7p {t,x) e {to - a,to + a) X D,D{open) C G such that S{to,x) = h{x),x e D, 
where to G I and h e C^(G;R) are fixed, and (to — a,to + a) C I. A causilinear 
Hamiltonion- Jacobi (H-J) equation is defined by the following first order PDE 

dtS{t,x)+ < d^S{t,x),g{t,x,S{t,x)) >= L{t,x,S{t,x)),t € I CR,x eG CR" (2.18) 

where g G C^{I x G x ]R;R"),L e C^{I x G x R;R) arc fixed and / C R, G € R" 
are open sets. A Cauchy problem for causilinear (H-J) (|2.18|) is defined as foUowsdet 
to G /and h E C^{G;R) be given and find a solution S{t,x) : {to — a,to + a) x 
D ^ R verifying (|2.18p for any t e {to ~ a,to + a) C I and x G D{open) C G 
such that S{to,x) = h{x),x G D. A unique Cauchy problem solution of (|2.17p and 
(|2.18|) are constructed using the Cauchy method of characteristics which relies on 
the corresponding Cauchy characteristic system of ODE. In this respect, we present 
this algorithm for and let {F{t,X) : t e {to - a, to + a), X e S C G} be 

the local flow generated by the following characteristic system associated with (|2.18p . 
F{t,X) = {(p{t,X),u{t,X)) e R"+i 

^^(t,A)= f{t,F{t,X)),{t,X) e{to-a,to + a)xE 
F{to,X)^ (A,w(to,A)) = (,A,/i(A)),AeECG ^^''''^ 

where f{t,x,u) = {g{t,x,u), L{t,x,u)) G M"+^ and h e C'^{G;R) is fixed. Using 
det { ^{t,X) ) ^ for any t G (to — a, to + a) and A e T,{compact) C G (see 
^(to,A) = /„ and we may assume that a > is sufficiently small) an implicit 
function theorem can be applied to the algebraic equation 

^(t, A) = a; e y(a;o) C G (2.20) 

We find the unique solution of (|2.20p 

A = (Vi(t,a;),...,V„(t,x)) : (to - a, to + a) x V{xo) S (2.21) 
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such that 

■ipi eC'^{to~a,to + a) X V{xo);M.),i e {l,...,n} 

fulfills 

V„(i,.T)) = xe V{xo) C G (2.22) 
for any t (to — a, to + a) and x G V(xq) 

ipiito^x) = Xi,i = 1, ...,n,il; = (V'l, V'n) (2.23) 

w Define S{t, x) = u{t, 'ijj{t, x)) and it will be a continuously differentiable function on 

(to — a, to + a) X V{xo) satisfying 

S{to, x) = u{to, V'(to, x)) = u{to, x) = h{x), x e V{xo) (2.24) 

In addition using 'ip{t, ip{t, A)) = A, t e (to ^ a, to + a), and taking the derivative with 
respect to the variable t, we get S{t, (p{t, A)) = u{t, A) and 

dtS{t,ip{t,X))+ < d^S(t,if{t,X)),g{t,ifi{t,X),u{t,\)) >= i(t,v9(t,A),u(t,A)) (2.25) 

Vt e (to — a,to + a), A e Vi(.to) where Vi(a;o) C y(a;o) is taken such that ip[t,\) e 
F(xo) if (t, A) G (to — a, to + a) x Vi(xo). In particular, for A = ^{t^x) into (1.25), 
we obtain 

dtS{t,x)+ < d^S{t,x),g{t,x,S{t,x)) L{t,x, S{t,x)) (2.26) 

where ip{t,'>p(t,x)) = a; and u(t,Tp(t,x)) = S{t,x) are used. In addition, the Cauchy 
problem solution for (|2.18p is unique and assuming that another solution {v{t,x)} of 
(|2.18p satisfies v{to,x) = h{x)ioi x G D C G then z;(t,x) = S{t,x),\/t € (to - 5,to + 
a), a; € F(xo)n-^ where 5 > 0. It relies on the unique Cauchy problem associated 
withODE' (UTTH). The proof is complete. 



2.2 Nonlinear First Order PDE 

2.2.1 Examples of Scalar Nonlinear 0D£^ 

We consider a simple scalar equation given implicitly by 

F{x,y{x),y'{x))=0,y'{x) = ^{x) (2.27) 

where F{x,y,z) : D{open) C R'' — > R be second order continuously differentiable 
satisfying 

F(xo, yo, zo) = 0, d,F{xo,yo, zo) ^ (2.28) 
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for some (xq, J/Oj ^o) G D fixed. Notice that for a smooth curve 

{^{t)^{x{t),y{t),z{t)))^D:t^%a\} 



with 



we get 



provided 



a;(0) = xo, y{0) = yo, z(0) = zq 



F{^{t))^0,te[0,a] (2.29) 



= |[-F(7W)] = a.F(7(t))^(t) + dyF{'y{t))^{t) + d^F{j{t))^{t),t e [0, a] (2.30) 

Using (|2.30p we may and do define a corresponding characteristic system associated 
with (p:?7|) 



dt ~ Sz 2^' (it ~ ^ (■^' 2^' ^) 

f = - [||(x, y, z) + ||(x, J/, z)z] , .t(0) = .TO, y(0) = yo, z{0) = zo 



Notice that each solution of (|2.3ip satisfies p.29|) . Define a; — x{t),y — y{t),z ~ 
z{t),t € [—a, a], the unique Cauchy problem solution of ()2.3ip and by definition 
^(0) = dzF{xo,yo, Zq) 7^ allows to apply an implicit function theorem for solving 
the following scalar equation 

a;(t) = .T e F(xo) C /(interval) (2.32) 

We find a unique continuously derivable function t = t{x) : V{xo) — (—a, a) 

xijix)) =xandT{x{t)) = t{^{x)^(T{x)) = 1) (2.33) 

ax dt 

Denote 

y{x) = y{T{x)),z{x) = z{t{x)),x G V{xo) C / 
and it is easily seen that 

It implies that 

Fix,yix),y'{x))=0,yxeV{xo) 

provided 

Fix{t),y{y),z{t)) ^ 0,t e i~a,a) 

is used. It shows that {y{x) : x £ V{xo)} is a solution of the scalar nonlinear 
differential equation (|2.27p . 

Remark 2.2.1. In getting the characteristic system (|2.3ip we must confine ourselves 
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to the following constraints y{t) = y{x{t)),^(t) = ^{x{t)).^{t) = z{t)^ where 
z{t) = ^ix{t)) and {y{x),x € / C R} is a solution of p.27p . The following two 
examples can be solved using the algorithm of the characteristic .system used for the 
scalar equation l\2.27\i . 



Example 2.2.1. (Clairant and Lagrange equations) 

y= xa{y') + b{y') (Clairaut equation) to ■iA\ 

y~ xy' + b{y') (Lagrange equation, a (z)=z) 

Here F{x, y, z) = xa{z) + b{z) —y and the corresponding characteristic system is given 
by 

f= W(^) + 6'(z),f = -a(z) + z,f = z(xa'(z) + &'(z)) 
x{Q)= xo^(O) = zoy(O) = yo ^ ' 

where 
and 

a;oa'(zo) + 5'(zo) 7^0 



Example 2.2.2. (Total differential equations) 

^ ^ 9{x,y) 
dx h(x, y) 



(2.36) 



where g, /i : D C — > R are continuously differentiate functions and h[x, y) ^ 
0,y{x,y) e D. Formally, (j2.36p can be written as 

~g{x,y)dx + h{x,y)dy = (2.37) 

and (|2.36|) is a total differential equation if a second order continuously difjerentiable 
function : D — > R exists such that 

dF dF 

— {x,y) = ~gix,y),—{x,y)^h{x,y)^0 (2.38) 

If y = y{x)i^ IE I, is a solution of (j2.36p then F{x,y{x)) = constant, x € /, pro- 
vided F fulfils (j2.38p . In conclusion, assuming^X^^ , the nonlinear first order equation 
(|2.36p is solved provided the corresponding algebraic equation 

F{x,y{x)) = c (2.39) 

is satisfied, where the constant c is parameter. 
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2.2.2 Nonlinear Hamilton- Jacobi E quations 



A Hamilton- Jacobi equation is a first order PDE of the following form 

dtu{t, x) + H{t, X, u{t, x), d.j,u{t, x)) = 0, < e / C R, x e D C R" (2.40) 

where H{t, x , u, p) : I x D x R x M" — > M is a second order continuously differentiable 
function. 

Definition 2.2.2. A solution for H- J equation (j2.40p means a first order continuously 
differentiable function u{t,x) : laixo) x B{xq,p) where B{xo,p) C lis a ball centered 
at Xq € D and laixo) = {xq — a, + a) C /. A Cauchy problem for the H-J 
equation H2A0^ means to find a solution u £ C^(/a(xo) x B{xQ,p)) of ()2.40p such that 
u(to,x) = uo{x),x £ B{xq, p) where to £ I and uq £ C^{D;M.) are fixed. 



solution for Cauchy problem associated with H-J equation (|2.40p is found using the 
corresponding characteristic system 

f = dpH{t,x,u,p),x{to)=^e B{xo,p) C D 

-[d,H{t,x,u,p)+pduH{t,x,u,p)],p{to)^Po{0 (2-41) 
-H{t,x,u,p)+ < p,dpH{t,x,u,p) >,u(to) = uo(C) 



dt 
du 
dt 



where pq{£,) ~ d^uo{£) and wo G C^(Z);R) are fixed. Consider that 

: t e /a(a:o),e e B{xo,p)} (2.42) 

is the unique solution fulfilling ODE (|2.40p . By definition 9^x(0, = /„ and assuming 
that a > is sufficiently small, we admit 

9^x(t,^)is nonsingular for any(t,x) S Ia{xo) x B{xq,p) (2.43) 

Using ()2.47p we may and do apply the standard implicit functions theorem for solving 
the algebraic equation 

x{t,C) =xe B{xa,pi),t£ I^{xo) (2.44) 
We get a continuously differentiable mapping 

^ = ip{t,x) : Ia{xo) X B{xq,pi) B{xo,p) 



such that 



x{t,ip(t,x)) = X, 1^(10, x) = X and 
ijj{t,x{t,^)) = £_ for any 

t £ laixo), X £ B{xo, pi) (2.45) 
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Define the following continuously differentiable function 

ueCi(/„(.To) X B(xo,Pi);M),pgC1(/„(.to) x S(a;o, pi); M") 
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u{t,x) = u{t,il;{t,x)),p{t,x) ^p{t,ip{t,x)) (2.46) 

By definition u{tQ,x) = uo{x),x G B{xQ,pi) C D and to show that {u{t,x) : 
t €z Ia{xo),x €z B{xq, pi)} is a solution for (j2.40p satisfying u{to,x) ~ uo{x),x G 
B{xo, pi) CD, we need to show 



dtu{t,x) = —H{t,x,u{t,x),p{t,x)) 

p{t,x) = d^u{t,x),{t,x) G Ia{xo) X B{xn,pi) 



(2.47) 



The second equation of (|2.47p is valid if 
is a row vector holds for each 

teIc,{xo),^eB{xo,p) (2.48) 
which will be proved in the second form 

dku{t, =< P{t, 0, dkx{t, >, e {1, n} (2.49) 

where 

5fc¥.(y,0 = ^7Jr^,^ = (a,-,^n) 

Using the characteristic system p.40p we notice that 

Xk{t,0^dku{t,0- <p{t,0,dkx{t,0 > 

fulfils 

dk{to,0 ^ dkUoiO- < d^uoiO,ek 0, fc G {1, n} (2.50) 

where 

{ei,...,e„} CR" 

is the canonical basis. In addition, by a direct computation, we obtain 

d,xit,0 >-< pit.O,dk[^it,0]>,teUxo) (2.51) 
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Notice that 

(jtj 

> + < p{t,0,d,[^{t,0]> (2.52) 

and 

^it,0 = -[d.H{t,^t,0)Mt,0,P{t,^i)+Pit,OduH{t,x{t,0),u{t,0,Pit,0] (2.53) 
Combining (|2.52p and (|2.53p we obtain 

< p{t,0,dkx{t,0 >^-duH{t,x{t,0,u{t,0,p{t,0).Xk{t,0 (2.54) 

which is a hnear scalar equation for the unknownjAfc} satisfying Afc(to,C) = 0, fc e 
{1, ...,n}(sec(l23ll)). It follows Xk{t,0 = 0,V(t,^) € /Q(a;o) x B{xo,pi) and for any 
k e {!,..., n}, which proves 

p{t,x) = da:U{t,x), {t,x) € laixo) X B(xo,/9l) (2.55) 

standing for the second equation in (j2.47p . Using (|2.55p . u{t,^) = u{t,x {t, £^))a.nd the 
third equation of the characteristic system (|2.40p we see easily that 

dx 

dtuit,x(t,0)+ <p{tA),-77it,0 >=- Hit,x{t,OMt,0,p(tA)) 

at 

(IT 

+ < P{t,0,^it,0> (2.56) 

which lead us to the first equation of p.47p 

dtu{t,x{t,0) = -H{t,x{t,OMt,0,Pit,0) (2.57) 
for any (t,^) G Ia{xo) x B{xo,p)- In particular , taking = 'ip{t,x) in (|2.58p . we get 
dtu(t, x) = —H{t, X, u{t, x),dxu{t, x)), u{to,x) = uo{x) (2.58) 

V(t, x) e {to - a,to +a) x B{xo, pi) 

which stands for the existence of a Cauchy problem solution. The uniqueness of 
the Cauchy problem solution for H-J eauation (j2.40p can be easily proved using the 
fact that any other solution u{t,x),{t,x) G Ia{xo) x B{xo,P2) satisfying (|2.49p and 
u{to,x) = uo{x),x G B{xo,P2) induces a solution of the same ODE p.40p . The 
conclusion is that the uniqueness property for the Cauchy problem solution of ODE 
(|2.4ip implies that the H-J equation ()2.40p has a unique Cauchy problem solution. 
The above given computations and considerations regarding the H-J equation ()2.40p 
will be stated as 



Proposition 2.2.3. Let H{t,x,u,p) : / x _D x R x K" M 6e a second order 
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continuously differentiable scalar function, where / C R, _D C R" are open sets. Let 
{to,Xo) G / X Dand uq E C^(D;K) are fixed. Then the following nonlinear H-J 
equation 

dtu{t, x) + H{t, X, u{t, x), d.^u{t, x)) = (2.59) 
This has a unique Cauchy problem solution satisfying 

u{to,x) - uo(x),x e B{xo,Po) C D 

In addition,the unique Cauchy problem solution 

{u{t, x) : t e {to - a,to + a),x e B{xo,po)} 

of ()2.59|) is defined by u{t, x) = u{t, ipit, x))where {f{t, x) : t £ Ia{xo), x G B{xq, po)} 
is the unique solution of the algebraic ()2.44p and 

{{x{t,OM:OMt:0) ■■tei^{xo),^eB{xo,p)} 

is the unique solution of the characteristic system (j2.4ip 



Starting with the H-J equation ()2.59p (see p.40[) ) we may associate the following 
system of H-J equation for the unknown p{t, x) = dxu{t, x) £ R" 

dtp{t,x) +< dpH{t,x,u{t,x),p{t,x))dxp{t,x) > (2.60) 
= - [da:H{t,x,u(t,x),p{t,x)) + p{t, x)duH (t, X, u{t, x) , p{t, x))] 

where p = (pi, ...,p„), dpH and dxH are row vectors. Using dxiPit, x) = dxPiit, x),i £ 
{1, n} we notice that (|2.60p can be written as follows 

dtp^it,x) +< dxp,it,x),dpH{t,x,u{t.x),p{t,x)) > (2.61) 
= - [d,x^H{t,x,u(t,x),p(t,x)) + Pi(t,x)duH(t,x,u{t,x),p(t,x))] 

for each i G {1, n}, and 

mit, C)), dpit, = Pit, dx{t, 0),du{t, = d^it, : i e Uxo))} (2.62) 

satisfies the characteristic system (|2.42p provided 

= dpH{t,x{t,S,),u{t,S,),p{t,^)),t e Ia{Xo) /r,f;o^ 

The additional system of H-J equation (|2.6ip stands for a causilinear system of evo- 
lution equations 

dtVi{t, x)+ < dxVi{t, x), X{t, X, v{t, x)) >= Li{t, x, v(t, x)) . , 

«,(to,x)=z;6",ze{l,...n} ^^'^^^ 

Which allows to use the corresponding characteristic system suitable for a scalar 
equation. It relies on the unique vector field X(i,x, u) deriving each scalar equation 
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in the system (|2.64p . 

Remark 2.2.4. In the case that the unique vector field X(t,x,v) is replaced by some 
Xi(t,x,v), for each i e which are not commuting with respect to the Lie 

bracket [Xi{t, x, .), Xi{t, x, ■)](v) ^ a, for some i ^ j, then the integration of the system 
^2. (!>^ changes drastically. 



2.2.3 Exercises 

Using the characteristic system method, solve the fohowing Cauchy problems 
dtu{t, x) = {d.j,u{t, x)f,u{<d, x) = cosx, a; e M, m e M (2.65) 

dtu{t,Xi,X2) = Xidx^u[t,Xi,X2) + {dx2u{t,Xi,X2)Y 

2 „, ^ TO (,/.DOj 



u{Q,xi,X2)= xi + a;2, (xi, 0:2) € M^, It g R 

{E2). Let f{t,x) : R X K" M and (p{x) : R — s- R be some first order continuously 
differentiable functions. Find the Cauchy problem solution of the following linear H-J 
equations 

dtu{t,x)+ J:2=iO-^i*)9xMt,x) ^ f{t,x) ^267) 
u{0, x) = 

where a{t) = {ai{t), ...,a„(t)) : R — > R" is a continuous function. 

dtu{t, x)+ < A{t)x.dxu(t, x) >= f{t, x) ,^ - 

u(0, x) ~ fix) 

where A{t) : R — > M„xti is a continuous mapping. 



2.3 Stationary Solutions for Nonlinear First 
Order PDE 

2.3.1 Introduction 

We consider a nonlinear equation 

Ho{x, dxu{x), u{x)) = constanfix e D C R" (2.69) 

where 

Ho{x,p,u) : R" X R" X R ^ R 



2.3. STATIONARY SOLUTIONS FOR NONLINEAR 1ST ORDER PDE 57 
is a scalar continuously differentiable function 

and dxU — stands for the gradient of a scalar function. A standard 

solution for (j2.69|) means to find u{x) : B{xo,p) C _D — >• R,u g C^{B{xq, p)) such 
that Hq(x, dxu{x), u{x)) = constantVx' e B{xo, p) C D. The usual method of solving 
(|2.69p uses the associated characteristic system 

(iz 

— = Zo(z),z(0,X) = z(A), A e A C R"-i,t e (-a, a) (2.70) 
at 

where Zo{z) : R^"+^ — > R^"+^,z = {x,p,u), is the characteristic vector field corre- 
sponding to Ho{z) 

Zo{z) = {Xo{z),Po{z),Uo{z)),Xo{z) = dpHo{z) € R" (2.71) 

Uo{z) =<p,Xoiz) >,Po{z) = ^idxHoiz)+pduHoiz)) e R" 

For a fixed Cauchy condition z(A) = {x{X),p{X),u{X)) given on a domain A G A C 
R"~^, a compatibility condition 

5,m(A) p(A), a,^(A) >, z e {1, n - 1} (2.72) 

is necessary. In addition, both vector fields Zq{z) and the parametrization {z(A) : 
A S A} must satisfy a nonsingularity condition 

the vectors in R", Ao(z(A)), aix(A), (9„_iJ(A) (2.73) 
are linearly independent for any A G A e R"^^ 

By definition, the characteristic vector field {dzHo{z) : z E W2n + 1} and we get 

r <d,Ho{z),Zo{z) > 

1 < d:,Hoiz),Xo{z) > + < dpHo{z),Poiz) > +duHoiz)Uoiz) ^ ' 

for any z = {x,p, u) € R2"+^ Using (|2.74p for the local solution {z{t, A) : t G (-a, a)} 
of the characteristic system p.70p we obtain Ho{'z{t,X)) = Ho{z{X)),t e (—a, a), for 
each A e A C R""^. Looking for a stationary solution of the equation (|2.69p we need 
to impose the following constaint 

Ho{z{t, A)) = Ho{zo)ior any(t. A) € (-a, a) x A (2.75) 

where zq = z(0) = {xo,Po,uq)(0 G mi A for simplicity). The condition ()2.73p allows 
to apply the standard implicit function theorem and to solve the algebraic equation 

x{t,X) = Xe B{xo,p) <Z D (2.76) 

We get smooth functions t = t{x) G (—a, a) and A = V-'(-^') ^ ^ such that 

x{t{x), ij{x)) = a; G B{xo, p) C £>, T(a;o) = 0, i){xo) = G A (2.77) 
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A solution for the nonlinear equation (|2.69p is obtained as follows 

u{x) = u{t{x), il){x)),p{x) = p{T{x),i:{x)), x G B{xa,p) C M" (2.78) 

where p{x) fulfils 

p{x) = dxu{x) 

Obstruction. We need explicit condition to compute {z(A) : A e A} such that (I2.72p . 
(p:75)) and (P75|) are verified. 



2.3.2 The Lie Algebra of Characteristic Fields 



Denote H = C°°(R^"+'^; R) the space consisting of the scalar functions H{x,p,u) : 
X R" X R — >■ R which are differcntiable of any order. For each pair Hi,H2 G define 
the Poisson bracket 

{Hi,H2}{z) ^<dMz),Zi{z) >,z = (a;,p,M) gR2"+i (2.79) 

where dzH2{z) stands for the gradient of a scalar function H2 G H and Zi{z) = 
{Xi{z), Pi{z),Ui{z)) S R^"+^ is the characteristic field corresponding to Hi G H. 
We recall that Zi is obtained from Hi E H such that the following equations 

Xi{z) = dpHi{z),Pi{z) = -{d,Hi{z)+pduHi{z)),Ui{z) p,dpHi{z) > (2.80) 

are satisfied. The linear mapping connecting an arbitrary H E % and its characteristic 
field can be represented by 

Zh{z) = T{p){d,H){z), z = {x,p,u) e R2"+i (2.81) 

where the real (2n + 1) x (2n + 1) matrix T{p) is defined by 



T{p) = -/„ O -p (2.82) 




where 0-zero matrix of M„xti, unity matrix of M„XTiand^ G R" is the null column 
vector. We notice that T{p) is a skew symmetric matrix 

[T{p)r = -T{p) (2.83) 

and as a consequence, the Poisson bracket satisfies a skew symmetric property 



<dzHi{z),Z2{z) > 
:d,Hi{z), 

{H2,Hi} 



in n\(.\-I < dMz),Tip)dMz) > 

{Hi,H2}{z) { ^ [T{p)]*dM^ldM^) > (2.84) 
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In addition, the linear space of characteristic fields K C C°°(R2"+i, R2"+1) is the 
image of a linear mapping S : DTi — >■ K where DV. ~ {dzH : H £ V.}. In this 
respect, using (|2.81|) we define 

S{dzH){z) = T{p){dzH){z), z e R2n+i (2.85) 

where the matrix r(p) is given in (|2.82|) . The linear space of characteristic fields 
K = S{d7i) is extended to a Lie algebra 

Lk C C°°(R2"+\r2"+1) 

using the standard Lie bracket of vector fields 

[Zi,Z2] = [9.Z2(z)]Zi - [9,Zi]Z2(z), Z, G A',^ = 1,2 (2.86) 
On the other hand, each G "H is associated with a linear mapping 

it((^)(z) ^ {Hi^}{z) =< dM^), Zh{z)) >, z e R2"+i (2.87) 

for each tp H, where Zh & K is the characteristic vector field corresponding to 
H eU obtained from d^H by Zh{z) = T{p){dzH){z) (see (EHI)). Define a linear 
space consisting of linear mappings 

it = : H en} (2.88) 

and extend H to a Lie algebra Lh using the Lie bracket of linear mappings 

[lfi,lt2]=HloH^2-H^2olfi (2.89) 

The link between the two Lie algebras (extending K) and L// (extending H) is 
given by a homomorphism of Lie algebras 

A: Lh ^ LKsatisiymgAilt) = K (2.90) 

and 

A{[Hi,H2]) = [Zi,Z2] e LxwhereZ, = A{W,), i € {1,2} (2.91) 

Remark 2.3.1. The Lie algebra Lh{^ H) does not coincide with the linear space 
% and as a consequence,the linear space K Q L^. It relies upon the fact the linear 
mapping {Hi,H2} generated by the Poisson bracket {Hi,H2} G "H does not coincide 
with the Lie bracket [Hi, Hi] defined in (|2.89p . 

Remark 2.3.2. In the particular case when the equation (j2.69p is replaced by Hq{x,p) : 
R^" — > R is continuously differentiable then the above given analysis will be restricted 
to the space % ~ C°°(R'^";R). If it is the case then the corresponding linear mapping 
S : DT-L — > K is determined by a simplectic matrix T G M2„x2n 

r=(^_^ ^ ^ = :i7GC°°(R2";R)} (2.92) 
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In addition, the linear spaces ~ll and K C C°°(M^"; R^") coincide with their Lie algebra 
Lh and correspondingly Lk as the following direct computation shows 

[Zi,Z2]{z) = Td,Hi2, z e (2.93) 

where 

Z, ^Td^H,, I e {1,2} 

and 

Hi2 = {Hi,H2}{z) =< dMz),Zi{z) > 
is the Poisson bracket associated with two scalar functions Hi,H2 G "H. We get 

( T[dlH2{z)]Z,{z) + T{d.Zl{z))d^H2 

rp. „ J [d.Z2{z)]Z,{z) + T[d.{dlHlT*)]dM^) 

0.ili2{z) ^ < ^Q^^^,^^^z^{z) ~ T{dlH^{z))TdMz) ^ ' 

[ [d,Z2iz)]Z,iz) - [d,Z,{z)]Z2{z) 

and the conclusion {Lh = I^^Lk = K} is proved. 



2.3.3 Parameterized Stationary Solutions 

Consider a nonlinear first order equation 

Ho{x,p{x),u{x)) = const Vx e £> C M" (2.95) 

With the same notations as in section 2.4.2, let n = C°°(R2"+1; R)}, z = {x,p,u) e 
]]^2n+i g^j^^ define the skew-symmetric matrix 

f o /„ e \ 

T{p) = -/„ O -p ,p e R" (2.96) 
\ 6* p* / 

By definition, the linear spaces K and DH are 

K = S{DH), DC = {d,H -.HeU} (2.97) 

where the mapping 5 : D'H — > K satisfies 

S{d,H){z) = T{p)d,H{z), z e R2"+i (2.98) 

Let zo = (a;o,Po,uo) e R^"+^ and the ball B{xo,2p) C R2"+i be fixed. Assume that 

there exist {Zi, Z„i} C K (2.99) 

such that the smooth vector fields 

{Zi{z),...,Z^{z):zeB{zo,2p)} 
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are in involution over C°°{B{zq, 2p)) 

m 

(the Lie bracket)[Zj, = ^ (z)Zfc(z), i,j e {1,...,™} 

fe=i 

where 

4- eC°°(i?(zo,2p)) 

A parameterized solution of the equation (|2.95p is given by the fohowing orbit 

m 

z(A, zo) = Gi(ti) o ... o G,„(i,„)(^o), A = {h, ...,t,n) e A = a,] (2.100) 

1 

where 

Gi{T){y), y e B{zo, p), r e [-a,, a^] 
is the local flow generated by Zi. Notice that 

N,^ ={ze B{zo, 2p):z^ ?(A, zq), A e A} (2.101) 

is a smooth manifold and 

dimM,„ = dimL(Zi,...,Z„0(zo) = m s$ ni/Zi(zo), ^,„(^o) e R^^+i (2.102) 

are linearly independent. 

Remark 2.3.3. Under the conditions of the hypothesis (|2.99p and using the alge- 
braic representation of a gradient system associated with {Zi, Z,„} Q K a system 
{gi, ...,gm} C C°°(A,R™) exists such that 

qi{X), q„i{X) € arelinearlyindependent (2.103) 

and d\z(\, zo)(7i(A) = Zi{z{\, zq)) for any A € A, i € {1, m} 

Definition 2.3.4. A parameterized solution associated with ()2.95|) ts defined by orbit 
H2.100\i provided the equality Hq{'z(X, zq)) = Ho{zo), VA G A, is satisfied. 

Remark 2.3.5. The conclusion ()2.103|) does not depend on the manifold structure 
given in (|2.101|1 . Using (|2.104p . we rewrite the equation Hq{z.{X, zq)) = Hq[zq), VA G 
A, in the following equivalent form 

= iIo}(2(A.zo)) -< d,Ho{z{X, zo)), Z,(?(A, zq)) >, A e A (2.104) 

for each i e {1, m}, where {Hi, Hq} is the Poisson bracket associated with Hi, Hq G 
C1(M2"+\M)^ and Z, = S{d^Hi), i <E {l,...,m}. The equations (|2.104p are directly 
computed from the scalar equation Hq(2{X, Zq)) = Hq{zq), VA G A, by taking the cor- 
responding Lie derivatives where {qi, qm} from (j2.103p are used. As a consequence, 
the orbit defined in (j2.100[) . under the conditions (j2.103p and (j2.102[) . will determine 
a parameterized solution of (|2.104p . 

Remark 2.3.6. A classical solution for (|2.95p can be deduced from a parameterized 
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solution {z(A, zo) : A G A} if we take m = n and assume 

the matrix [d\x{Q, zq)] G Mnxn *s nonsingular (2.105) 

where the components (x(X, zq)^p{X, zo).,u{X, zq)) ~ z(A, zq) define the parameterized 
solution {z(A, zq)}. 

Proposition 2.3.7. Assume the orbit{z^{X, zo) : A € A} given in (|2.100p is a param- 
eterized solution of (j2.95p such that the condition (j2.105p is satisfied. Let X = ^/'(.i;) : 
5'(a;o, p) — > intK be the smooth mapping satisfying x{ip{x), zq) = x G B{xq, p), i^{xo) = 
0. Denote u{x) = u{ip{x), Zq) and p{x) = p{ip{x), zq). Then 

p{x) = dxu{x)andHQ{x,p{x),u{x)) = Hq{zq), for anyx £ B{xo,p) C W" (2.106) 

where p{x) , x € B{xq, p)) verifies the following cuasilinear system of first order equa- 
tions 

[dxHo {x,p{x),u{x)) + p{x)duHn (x, p{x) ,u{x))] 
+ [dMx)]*dpHoix,p{x),u{x)) = 0, .T e B{xo,p) (2.107) 



Proof. The component {x{X, zq) : A G A} fulfills the condition of the standard implicit 
functions theorem (see (|2.105p ) and, by definition, the matrix 

dxx{0.zo) =11 A:i(zo, a:„(zo)) II 

is composed by first vector-component of Zi{z) = {Xi(z), Pi{z),Ui{z)) i g {!,..., n}, 
where {Zi(z), Z„(z)} define the orbit {z(A, zq)}. Let A = ip{x) : B{xo,p) ^ 
— )- intA C R" be such that ip{xo) = and x{ifj{x), zq) = x. Denote p{x) = 
p{'ip{x), Zq), u{x) = u(?/;(.t), Zq) and using the equation 

HoiziX,zo)) = Hoizo), A e A 

we get 

Hoiz{x)) = i?o(zo), V.T e B{xo,p) C R" 

where z{x) = {x,p{x),u{x)). Using ()2.103p written on corresponding components we 
find that d\u{X, zo)qi{X) = p{X, ZQ)dxx{X, ZQ)qi{X)), i G {l,...,n} and 

dxu{X, zo) = p{X, zo)5aS(A, zo), A e A (2.108) 

is satisfied, where p{X) e M" is a row vector. On the other hand, a direct computation 
applied to u{x{X, zq)) = ?2(A, zq) leads us to 

da:u{x{X, zo)).dxx{X, Zo) = dxu{X, zo) (2.109) 

and using (j2.105p we may and do multiply by the inverse matrix [dxx{X, zq)]~^ 
in both equations (j2.108p and (|2.109p . We get p{X, zq) = dxu{x{X, zo)), for any 
A € B{zo, 2p) (p > sufficiently small) which stands for 
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d^u{x) =p{x), X £ B{zo,p) C M" 

provided A = ip{x) is used. The conclusions (|2.107p tell us that the gradient dx[HQ{x,p{x),u{x))] 
is vanishing and the proof is complete. □ 

Remark 2.3.8. Taking {Zi, Zm} C K is involution we get the property (|2.103p 
fulfilled (see §5 of ch II) 

{H,,Ho}{ziz,zo)) 

< d:,Ho{z{X, zq)), Z,{z{X, zq)) > ('9 nn^ 

- < T(p)a,7?o(z(A, zo)), d.H^mX, zq)) > ^ ' 

- < d,H^Xz{\ zo)), Zo{z{X, zq)) >, i G {l,...,m} 

It shows that {Hi,...,H„,} cn = C°°(M2"+\M) defining {Zi,...,Z„J C K can be 
found as first integrals for a system of ODE 

dz 

— ^ Zo{z), Zo{z) - T{p)dMz) G K 
corresponding to IIo(z). 



2.3.4 The linear Ca.se:Ho{x,p) =<p, /o(a;) > 



With the same notations as in §4.3 we define z = {x,p) £ M^" and H = {II{z) =< 
pJix) >,p e g C°°(M2",M2n)|_ rj.^^ jjjjgg^j. gp^^^^ characteristic fields 

K C C°°(M^",M^") is the image of a linear mapping S : DV. — > K, where 

DH = {d,H -.H en}, S{d,H){z) = Td,H{z), z e M^" (2.111) 

r = f ^ ^ j foreachZeK (2.112) 



is given by 



Let zq = (po, 2:0) G M^" and i3(zo, 2p) C M^" be fixed and consider the following linear 
equation of p G R" 

Ho{x,p) p,/o(x) >= Ho{zo)bT anyz e C B(zo,2p) (2.114) 
where /o £ C1(M2", RSn-)^ g^^.^ looking for £) C B{zo,2p) C R2« ^s an orbit. 

m 

z(A,zo) = Gi(ti) o ... o G„,{tm){zo), X = {ti,...,tm} G A = [|[-a,,ai] (2.115) 
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where Gi{T){y), y G B{zo,p), r £ [—0^,0^], is the local flow generated by some Zi e 
K, i e {1, ...,m}, m < n. Assuming that 

{Zi, ...,Zm} C ii'are in involution over C°°(_B(zo, 2p), M) (2.116) 

where 

( )and{A,...,/™}CC-(R-,R-) 

are in involution over C°° {B{xo),R) we define 

D = {ze B{zo, 2p):z^ z{\ zq), A £ A} C i?^" (2.117) 

where the orbit {^(A, zq) : A G A} is given in (|2.115p . Notice that the orbit (|2.115p is 
represented by 

£(A,zo) = (J(A,zo),p(A,zo)), A e A, zo = (a;o,Po) C i?^" (2.118) 

where the orbit x{\, zq), A e A, mR" verifies 

x(A,xo) =Fi(ti)o...o^^,„(t„)(a;o), A = {ti, t™} G A (2.119) 

Here Fi{T){x), x G B{xo,p) C i?", r G [— 0^,0;], is the local flowgenerated by the 
vector field G C°°(R",R") and {/i, ...,/,„} C C°°(R",R") are in involution over 
C^iBixo^p)). 

Remark 2.3.9. Denote by N^g C M" the set consisting of all points {iz;(A,Xo) : A G 
A} using the orbit defined in (|2.119p . Assuming that{fi{xo), fmixo)} C are 
linearly independent then {/(xq), /^(a;)} C R" are linearly independent for any 
X G B{xo, p) (p sufficiently small) and the subset N^o C R" can be structured as an 
m-dimensional smooth manifold. In addition,the set D C R^" defined in p.llTp 
can be verified as an image of smooth mapping z{x) = {x,p{x)) : N^q — > D, if 
p(x) = p(-0(a;), zq) and A = V'(a;) : B{xo,p) — ?> A is unique solution of the algebraic 
equation x{X,xq) = x G B{xq,p). 

Definition 2.3.10. The orbit {z(A, zg) : A G A} defined in (|2.115|) is a parameterized 
solution of the linear equation p.ll4p if IIq{z{\, zq)) = II{zo) ,VA G A. 

Proposition 2.3.11. Let zq = (xo,po) ^ -R^" o,nd B{zo, 2p) C i?^" be fixed such that 
the hypothesis (|2.116p is fulfilled. For {Zi, Z,„} C A' given in (j2.116p assume in ad- 
dition, that {/i, /,„} are commuting with {/o} i.e [/i, /oK^;) = 0, a; G B{xq, 2p), i G 
{1, m}. T/ien the orbit {z(A, zq) : A G A} defined in p.llSp is a parameterized so- 
lution of equation (|2.114p . where D G R^" is given in p.ll7p . 

Proo/. By hypothesis ,the Lie algebra L{Zi, Z,n) C C°=(R2",M2n) jg gj^i|.g ^-ypg 
(locally) and {Zi, is a system of generators in L{Zi, Z^). As a consequence 
L{Zi, Zm) is {f.g.o; zq) and using the algebraic representation of the gradient sys- 
tem associated with {Zi, Z„i} we get {qi, qm} Q C°°{A; M") such that 

aA^(A,zo).q.(A) = Z,(?(A,zo)), AG A, iG {1,...,™}, gi(A),...,g™(A) gM™ (2.120) 
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are linearly independent for any A G A. 

The meaning of {f.g.O; zg) Lie algebra and the conclusion (|2.120|) are explained in 
the next section. For the time being we use ()2.120p and taking Lie derivatives of the 
scalar equation iJo(2(A, zq)) = Ho{zo), A € A, we get 

= dxH(z{X, zo)).q,X\) =< d,H(z(\, 2„)), Z,{z{\, 2,,)) >, for any i G {1, m} (2.121) 

and A e A. By definition 

^ ( 'aw'' ' ) ■ '"''^''=> = ( -a. /f/oW > ) ■ ' ^ "■■■■■•"> 

which allows us to rewrite (|2.12ip as follows 

< p{X, zo), [hJo]{x{X, xo)) 0, z G {1, m}, A e A (2.122) 

Using [fi,fo]ix) = 0, X e B{xa,2p), i g {1, ...,m} we obtain that (|2.12ip is fulfilled 
and it implies 

9AiJo(2(A,zo)) -0, VAe A (2.123) 

provided (|2.120p is used. In conclusion, the scalar equation Hq{z) = Ho{zo) for any 
z £ D C i?^", is satisfied, where D is defined in (|2.117|) and the proof is complete. □ 

Remark 2.3.12. The involution condition of {Zi, Z„i} Q K is satisfied if 

{/i,...,/,n}CC°°(B(a;o,2p);M") 
are in involution over R. In this respect, using the particular form of 

U^)={ /\^!M,A,(x) = -[a./.(z)]*zG{l,...,m} 



A,{x)p 

we compute a Lie bracket [Zi, Zj] as follows 



[Z,,Z,]{z) - ( ^ ) , j,i e {l,...,m} (2.124) 



Here [f,,fj] is the Lie bracket from C°° {R^" ,M.^") and 



[d,{Aj{x)p)].f,{x)+A,{x)A,{x)p-[d,..{A,{x)p)]f,{x) 
x)Aj{x)p 
Aj{x)pJ^{x) > - 
-dx < P, [ftjj]{x) > 



p.(^\) - -A{x)Aj{x)p r2 125^ 

^^^^^^^ ~dx[<A,{x)pJ,{x)>-<A,{x)p,f,{x)>] ^^-'^^^ 



where 



P^j{z) - [a,(A,(.T)p)]Z,(z) - [9,(A,(x)p)]Zj(x), z G M^n (2.126) 
is used. Notice that (j2.125p allows one to write (j2.3.12p as a vector field from K 

[Z,,Z,]{z) = Td,H,,iz), z = {x,p) G M^" (2.127) 
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where Hij =< p,[fi, fj](x) >, i,j e {l,...,m}. As a consequence, assuming that 
{/i,...,/„i} are in involution over M. we get that L{fi, fm) and L{Zi, Zm) are 
finite dimensional with {Zi, Zj„} in involution over R. 



2.3.5 The Case Hq{x,p,u) = Hq{x,p); Stationary Solutions 

Denote C°°(M^", M") , z = {x,p) G M^" and define the linear space of characteristic 
fields K C C°°(K2",M") ,z = {x,p) G R^'^hy 

K = S{DH), DH^ {d,H : H eU} (2.128) 

Here the linear mapping : DH — )• K is given by 

S{d,H){z) = Td,H{z), Hen, zeR^"" (2.129) 

and T is the simplectic matrix 

r=fO /„ \ 2 _ -In O 

\ -In O y ' \ O -In 

Let zo = {xotPvi) <= R^" and B{zQ,2p) C R^" be fixed and consider the foUowing 
nonhnear equation 

Ho{z) Ho{zo), yzeDC B{zo,2p) (2.131) 

where Hq G C^{B{zo,2p);'R) is given and D C B{zQ,2p) has to be found. A sohition 
for ()2.13ip uses the foUowing assumption 

there exist Zi, Z„i G K such that {Zi{z), z„i(z) : z G B{zo, 2p)} (2.132) 

in invohition over C°°{B{zo,2p);M.). Assuming that (|2.132l) is fulfilled then a param- 
eterized solution for (|2.13ip uses the following orbit 

m 

z{X,zo) = Gi(ii) o ... o G,„(t™)(zo), A = (ti,...,i,„) G A = [|[-a„a,;] (2.133) 

1 

where 

Gi{T){y), y G B{zo,p), t G [-a,, a,,] 
is the local flow generated by Zi G K given in (|2.132p . By definition 

Z.(.).Ta.i7,(.)=( _\^(^;;')J,^G{1,...,™} (2.134) 

and we recall that, in this case, the linear space of characteristic fields K is closed 
under the lie bracket. As a consequence, each Lie product [Zi, Zj] can be computed 

by 

[Z,,Z,]{z)^Td,H,,{z), z,jG {l,...,m},zGR2" (2.135) 



(2.130) 
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where Hij{z) = {H,,Hj}{z) =< d^H,j{z), Z,{z) >= - < d:,H,,Zj{z) > 
stands for Poisson bracket associated with two scalar functions. In addition, as- 
suming (|2.132|) we get that the Lie algebra L{Zi, Z„,) C C°°(B(zo, 2p), M") is of 
the finite type (see in next section) allowing one to use the algebraic representation 
of the corresponding gradient system. Wc get that{gi, ^ C°°(A,R'") will exist 

such that 

dxz{X, zo)q^iX) = Z,(z(A, zo)), i e {1, m} , A G A, <zi(A), g™(A) e (2.136) 

are linearly independent, A e A, where {z(A, zq) : A G A} is the fixed orbit given in 
()2.133p . Denote D = {z G B{zo,2p) : z = z(A, zo),A G A} and the orbit given in 
()2.133p is a parameterized solution of the equation p.l3ip iff 

dx[Ho{z{X,zo))MX) = 0, z e {l,...,m} (2.137) 

Using (|2.136p we rewrite (|2.137p as follows 

0=< dxHoiz{X,zo)),Z,{z{X,zo)) {H„ Ho}iz{X, zo)), A G A,Vi G {l,...,m} (2.138) 

It is easily seen that (|2.138p is fulfilled provided 

GC°°(B(zo,2p),R") 

can be found such that 

= {H,,Ho}{z) =< dMz),Td,H,{z) >=< Zoiz),d,H,{z) > (2.139) 

for each i G {l,...,m}z G B(zQ,2p) and Zi(z) ~ TdzHi{z) ,i G {!,..., m} are in 
involution for z G B{zo,2p). In particular ,the equations in (j2.139p tell us that 
{Hi, Hm} are first integrals for the vector field Zo{z) = TdzHo{z). 



Remark 2.3.13. Taking Hq G C^{B{za,2p;R)) (instead of Hq G C^) we are m posi- 
tion to rewrite the equation (j2.139|) using Lie product [Zq, Zj] (see (|2.135p ) as follows 

( [Zo,Zj]{z),yj e {l,...,m}, z e B{zo,2p) (9 ^Ar]\ 

\ {H,,Ho}izo)^<Zo{zo),dzH,izo)>,ie{l,...,m} ^^''^"^ 



We conclude these considerations. 

Proposition 2.3.14. Let zq = (xo,po) & IR^" and B{zo, 2p) C R^" he fixed such that 
the hypothesis (|2.15ip and (|2.138p are fulfilled. Then {z{X, Zq) : A G A} defined in 
(|2.133p is a parameterized stationary solution of the nonlinear equation (|2.13ip . 

Remark 2.3.15. A standard solution for the nonlinear equation 

Ho{x,p{x)) = const, yx e D C M" 

can be found from a parameterized solution provided the hypothesis (|2.132p is stated 
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with m = n and assuming, in addition, that Xi{zq), ...,X„(zo) G IR" from 



X,{z) 



i e {l,-.,n} 



are linearly independent. It leads us to the equations 

n 

Ho{x{X,zo),p{X,zq)) = VA G a = ]^[-ai,ai] 



(2.141) 



where the orbit z{X, zq) = {x{X, zo),p{X, zq)) satisfies the implicit functions theorem 
when the algebraic equations 

x{X,zo) = a: e B{xo,p) C R" 

are involved. Find a smooth mapping 

X = ip{x) : B{zQ,2p) ^ X 

such that 



x{il}{x),zo) = X 



and define 



p{x) = pi^Pix), zo), X G B{xo,p) C R" 
Then (j2.14ip written for X ~ ip{x) becomes 

IIq{x,p{x)) ^ const = Hq{xq,Pq), \f x e B{xQ,p) 



(2.142) 



andp{x) : B{xq, p) — > R" is the standard solution. Assuming that (|2.142p zs established 
it implies that {p{x) : x € B{xQ,p)} is a smooth solution of the following system of 
the first order causilinear equations 



dxlln{x,p{x)) + [dxP*{x)]* .dplln{x,p{x)) = 0, x e B{xa,p) 



(2.143) 



whose solution is difficult to be obtained using characteristic system method. In ad- 
dition,if [dxp{x)] is a symmetric matrix {p{x) = dxu{x),u G C^(I?;R)) then the first 
order system (j2.143p becomes 



/ dx^Ho{x,p{x)) \ 



\ dx,,HQ{x,p{x)) J 



+ 



( < dxPi{x)dpIIo{x,p{x)) > \ 



V < dxPn{x)dpHo(x,p{x)) > J 



(2.144) 



for any x G B{xQ,p) C R", where p{x) = (j)\{x), ...,pn{x)). In this case, the smooth 
mapping y = p{x), x € B(xo,p), can be viewed as a coordinate transformation in R" 
such that any local solution {x{t, X),p{t, A)) of the Hamilton system 



f = dpHo{x,p) xiO) = A e B{xo,a) C B{xo,p) 
f = -dxHo{x,p) piO)=p{X);tei-a,a)=Ia 



(2.145) 
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has the property ^{t^X) = p{x{t, \)), {t,X) G /q, x B{xQ,a). 



2.3.6 Some Problems 



Problem 1. For the linear equation Ho{x,p) =< p, fo{x) >— c define an extended 
parameterized solution 

m 

Z%X, zo) = {x{X, zo),p{\ zo), u{\ zo)) e ]R2"+i, A e A = \{[ a„ a,] 

1 

such that 

9au(A, zo) = [p(A, zo)\*dxx{\ zo) (2.146) 

where Zq = {xo,Po,uq). 

Hint. Define the extended vector fields 

Z: e C-(M2"+\R2"+i)Znz<=) = ) ,z, = {x,p,u) = {z,u) 

where H^{x,p) =< p,fi{x) > and Zi{x,p ) = TdzHi{x,p), z = {x, p), i g {l,...,m}, 
where the matrix T is defined in (|2.112p . Assume the hypothesis (|2.116p of section 
2.4.4 fulfilled and define the orbit 

m 

Z^X, zo) = G?(ti) o ... o G^„(i„)(zo), A = (ti, t„) e A = [][-a„ a,] (2.147) 

1 

where Gf{T){y'^) is the flow generated by Zf. Prove that under the hypothesis as- 
sumed in proposition ()2.3.1ip we get {z^(A, zo) : A e A} as a parameterized solution 
of the linear equation Hq(x,p) = const satisfied the conclusion (|2.146p 
Problem 2. For the nonlinear equation Ho{x,p) = const define an extended param- 
eterized solution 

m 

z-(A,Zo^) = (£(A,Zo^),p(A,zg)),w(A,Zo^) e R^n+i^A e A = n[-«-«d 

1 

such that 

dxuiX,zo) = [p(A,zo)]*aAx(A,zo), A e AwhereZ^j = (xo,po,"o) e (2.148) 

is fixed. 
Hint 

Ztiz^) . ( ^ /^^)^^ ^ ) ./.e.e Z.(z) ( ) (2.149) 
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is obtained from a smooth Hi e C°°(R^",R) as follows 

Z,(2) = r9,i7,(z), ^e {l,...,m} 

given in (j2.130p defined the extended orbit 

z^(A,Zo^) - G^(ii)o...oG^^(t„)(zg), A= e A = [][-a„a,] (2.150) 

1 

where Gf{T){y'^) is the local flow {Zf}. Assume that 

{Zr(z^), Z^^iz"^) : z'^ G B{zo, 2p) C M^n+i} (2.151) 

are in involution over C°°{B{zq, 2p); R) and then prove the corresponding proposition 
(|2.3.14p of assuming that replaces the condition (|2.132p . 



2.4 Overdetermined system of First Order PDE and 
Lie Algebras of Vector Fields 

As one may expect, a system of first order partial differential equations 

< ^^S{x),g^{x) >^0,ie {1, ...,m} g, e C°°(M",R") (2.152) 

has a nontrivial solution 5 G C^{B{zQ,p) C R^") provided S is nonconstant on the 
bah B{zo,p) C R2«+i and 

dimL(gi, ...,5„i(a;o)) = k <n (2.153) 

Here L{gi, gm) C C°°(R",R") is the Lie algebra determined by the given vector 
fields {gi, g,n} ^ C°°(M",R"), it can be viewed as the smallest Lie algebra A C 
C°°(R",R") containing {51, 

Definition 2.4.1. A real algebra A C C°°(R" , R") is Lie algebra if the multiplication 
operation among vector fields X,Y ^ C°°(R",R") is given by the corresponding Lie 
bracket [X,Y]{x) = ^{x)X{x) — ^■{x)Y{x), x G R". By a direct computation we 
may convince ourselves that the following two properties are valid 

[X,Y] = -[Y,X], vx,y G A 

and 

[X, [y, z]] + [z, [X, Y]] + [Y, [z, X]] = 0, V a:, y, z G A 

(Jacobi s' identity) 

Remark 2.4.2. The system (|2.152p is overdetermined when m > 1. Usually a non- 
trivial solution {S{x)^x G B{xo,p)} satisfies the system (|2.152p only on a subset 
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Q B(xo,p) C M", which can be structured as a smooth manifold satisfying 
dimM^g = k (see (|2.153p ); it will be deduced from an orbit of local flows. 



Definition 2.4.3. Let A C C°°(M",R") be a Lie algebra and Xq € R" fixed. By an 
orbit of the origin xq of A we mean a mapping (finite composition of flows) 

k 

G{p,Xo) ^ Giiti) o .... o G{tk){xo) ,p = {ti,tk) e Dk = l[[-a,,a,] (2.154) 

1 

where Gi(t){x), t € {—ai, a;), x S V{xq), is the local flow generated by some gi G A, j G 
{l...fc}. 



Definition 2.4.4. We say that A C C°°(M", ]R")«s finitely generated with respect to 
the orbits of the origin xq € M", (/, 5, 0, xq) if {Yi, ...,Ym} C A will exist such that 
any Y Cz A along on arbitrary orbit G{p,Xo),p G Dk can be written 

Y{G{p,xo)) - ^fUa,ip)Y,{Gip,xo)) (2.155) 

with Oj G C°° {D depending on Y and G{p,Xq),p G D^.; {Yj, ...Y^} ^ A will be 
called a system of generators. 



Remark 2.4.5. Lt is easily seen that {gi,..gm} C C°°(K"),R") in involution de- 
termine a Lie algebra L(gj, ..gm) which is (f.g.o.xo) for any Xq G M", where the 

ni 

involution properly means [ffi, gj\{x) = X) o,%{x)9k{x) y,i,j G {1, ...m} for some, 

k=l 

afjinC^{M."'), {gi, g„i} will be a system of generators. A nontrivial solution of the 
system (1) will be constructed assuming that 

L{gi, ...gm) is a (/, g, o; Xo) Lie algebra (2.156) 

dimL(gi, ...gm)ixo) — k < n (2.157) 

In addition, the domain V{xo) ^ R" on which a non trivial solution satisfies \2.\b2\ 
will be defined as an orbit starting the origin Xo G M" 

M 

y{p) = Gi(ti o ... o GM{tM){xo), p = {ti, ...,tM) G Dm = Y[{-a^, a,) (2.158) 

1 

where Gi{t){x),t G {—ai,ai) ,x G B{xq,p) C R" is the local flow generated by 
Yi e L{gi,...,gjn), i G {I, M} .Here {Yi,...,Ym} C L{gi,...,g^) is fixed system 
of generators such that 

{Y,{xo),...,Ykixo)}CR" (2.159) 
are linearly independent and Yj{xQ) = 0, j G {1, A/} 
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Solution for Linear Homogeneous Over Determined Sys- 
tem. 



Theorem 2.4.6. Assume that gi,...gm C C°°(R"),R") are given such that the hy- 
potheses (|2.156p and (|2.157p are satisfied. Let {Yi, ..,Ym} ^ be a system 
of generators fulfilling ^A5^ and define 

V{xo) ^{xe B{xq,p) C R" : x y{p),p e Dm} Q M" (2.160) 

where {y{p) :G Dm} is the orbit define m p.lSSp . Then there exists a smooth non- 
trivial function 

S{x) : B{xo,p) — > K such that the system ()2.152p is satisfied for any x £ V{xo)given 
in (|2.160p .ie 

< ^^S{x),g^{x) V.T G V{xo) i € {l,...m} (2.161) 



Proof. To prove the conclusion (j2.161|) wc need to show the gradient system associ- 
ated with the orbit {y{p) : p G Dm} defined in (j2.158p has a nonsingular algebraic 
representation 

^ = {¥,(.), X2{tu. ),..., XM{ti,...,tM-u.my{p)) 

= {Y,i.),Y2i.),...,YM}{y{p))A{p)peDM (2.162) 
where the smooth matrix A{p) = {aij{p))i.j£{i.M} satisfies 

A{0) = lM,a,, €C°°iDM) (2.163) 

(seem next theorem). On the other hand, we notice that according to the fixed 
system of generators {Yi, Fm} C L{gi, g,n) (see (|2.159p ). we may and rewrite 
the orbit p.lSSp as follows 

{yip) ■■ P e Dm} = {y{p) = Gi(ti), Gkitk)ixo) : p = (ii, tk) G Dk} (2.164) 

Using a standard procedure we redefine 

= {y{p):pe 5(0, a)} C B{xo,g) C R", where 5(0, p) C Dk} (2.165) 

as a smooth manifold satisfying dmiMx„ ~ k < n for which there exist n ~ k smooth 
functions ipj G C°° {B{xo, g)) fulfilling 

(fijix) = 0, j G {fc + l,...,n},x G 

{9a:(pfc+i(xo), ...,9x<(a„(xo)} C K" are linearly independent 
Using p.l63|) and dct A{p) 7^ for p in a ball B{0,a) C Dm we find smooth qj G 
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C°°{B{0,a)]R^'),j e {1,..,M}, such that 

j A{p)qj{p) = Cj, p e B{0, a), {h, hi} C R*^ is the canonical basis 



^q,{p) - YMp)). P e BiO, a), j G {1, M} 



(2.167) 



Using (I2J66)1 and ([2367| we get fj{y{p)) = 0, P & B{0,a) C Dm, j & {k + l,...,n} 
and taking the Lie derivatives in the directions qi{p), ...,qM{p) we obtain 

< d^^j{y{p)), Y,{y{pj) >= Op G B{0, a) C D^, i e {1, M} Vj G {fc + 1, n} (2.168) 

By hypothesis, L{gi, g^) is a (/ • g • o; xq) Lie Algebra and each g G L{gi, g™} 
can be written 

M 

= ^a,;(p)r,(y(p)), pe 5(0, a) C K^ a, G C°^{B{0,a)) (2.169) 

■i=i 

Using (|2.168p and (|2.169p we get 

< dxfjix), gi{x) > = OV.T G Mxg C _B(0, gi) for each 

i G {1, m} and j G {fc + 1, n] (2.170) 

Here {iy9fc_|_i(x), iy9„(a;) : x G -B(0,£i)} are (?t. — fc) smooth solutions satisfying the 
overdetermined system (|2.152p along the fc-dimensional manifold M^a in (j2.165p . The 
proof is complete. □ 



Remark 2.4.7. The nonsingular algebraic representation of a gradient system 

^ = yi(y), ^ = X2(ti;y),...,^ = XM(ti,...,tM-i;j/) (2.171) 

associated with the system of generators {Yi,...,Ym} C L{gi, ...^gu) relies on the 
assumption that L{gi, ...,g]\i) is a {f ■ g ■ o; xq) Lie algebra and the orbit (|2.158p is a 
solution of (|2.17ip satisfying y(0) = xq. The algorithm of defining a gradient system 
for which a given orbit is its solution was initiated in Chapter I of these lectures. 
Here we shall use the following formal power series 

{ X2{ti-y) = iexptiadYi)(Y2)iy) 

X^{ti,t2;y) = (exptiadYi) ■ {expt2adY2){Y3){y) 

(2.172) 

XM{ti,t2,...,tM^i;y) = (exptiadYi) ■ ... ■ {exptM~iadYM~i){YM)[y) 

where the linear mapping adY : L{gi, ...,g]\j) — > L(gi, gj\/) is defined by 
r)7 r)Y 

{adY){Z){y) = |-(y) ■ Y{y) - —Z{y),ye R" for eachY, Z € L{g^, ...,gM) (2.173) 
Actually, the vector fields in the left hand side of (|2.172p are well defined by the 
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following mappings 

' X2{h-v)=Hi{-h-Vi){Y2){Gi{~h-yi)),Vi=y, 
Xz(ti,t2; y) = Hi{~ti-yi) ■ H2{-t2;y2){Y3){G2{-t2;y2)) 

< 

XAiih^h, ■.■,tM-i;y) = Hi{-ti;yi) ■ H2{-t2;y2) ■ ■■■ ■ HM-i{-tM-i;yM-i){YM){yM) 

(2.174) 

where 

Gi{~ti;yi), t e {-a,,a.i), x £ V{xo) 
is the local flow generated by 

BP 

Y,,H,{t,y)^[^{t;y)]-^ 
dy 

and 

yi+i = Gi{-ti; yi), € {1, M - 1}, where yi = y. 

The formal writing (j2.172p is motivated by the explicit computation we can perform 
using exponential formal series and noticing that the Taylor series associated with 
(|2.172p and (|2.174p coincide. 



2.5 Nonsingular Algebraic Representation of a 
Gradient System 

Theorem 2.5.1. Assume that L{gi, gm) C C°°(]R"; M") is a {f -g-o^Xo) Lie algebra 
and consider {Yi, ...,Ym} C L{gi, gM) as a fixed system of generators. Define 
the orbit {yp : p S Dm} as in (I2.158P and associate the gradient system (j2.17ip 
where {X2(ii; y), ^^(ii, •■•j ^Af-i! 2/)} are defined in (|2.174p . Then there exist 

an [M X AI) nonsingular matrix A{p) = {o-ij{p))i,je{i M}if^ij ^ C°°(i?(0,a) C M") 

such that 

{yi(-)^2(ti; •), ...,^M(ti, tM-v, -mvip)) = {Y^{-),Y2{-), YM{-)}{y{p))A{p) (2.175) 
for any p G B{0, a) C M", and A{0) = Im 

Proof. Using the {f ■ g ■ o; xq) property of Lie algebra L{gi, gM we fix the fonowing 
{AI X M) smooth matrices Bi{p), p e Dm, such that 

adY,{Y,,...,YM}iyip)) = {Y,,...,YM}iy{p))-B,{p), i e {1,...,M} (2.176) 

where {Yi, Yi^i} C L{gi, gm) is a fixed system of generators. Let {Zi(ti, tj\f ) : 
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t e [0,ti]} be the matrix solution 

= ZMh - t,t2, ...,tM), Zi{0) = Im {identity) (2.177) 

The standard Picard's method of approximations apphed in (|2.177p allows one to 
write the solution {z, {ti, ....Im) ■ t G [0,ii]} as a convergent Volterra series, and by 
a direct computation we obtain 

X2{ti-v{p))^{Yi,...,YM}{y{p))zi{tut2.-.tM)e2 (2.178) 

where X2{ti]y) is defined in p.l74p and {ei,...,eM} C M" is the canonical basis. 
More precisely, denote 

Ni{t- y) = Hi{-t; y){Yi, YM}{Gi{-t; y))andX2ih;y) (2.179) 

can be written 

X2{h;y)^Ni{h;y)e2 (2.180) 
Then we noticed that Ni{t;y{p)), t G [0,ti] satisfies 

^ = NiBi{h-t,t2,...,tM),N,iO) ^ {Y,,...,YM}iyip)) (2-181) 
where the matrix Bi{p) is fixed in p.l2ip and satisfies 
adY,{Yi,...,YM}{Gi{-t-y)) = {Yi,...,YM}{Gi{-t-,y))-Bi{h-tM.---,tM) (2.182) 

for y ~ y{p). The same method of Approximation shows that a convergent sequence 
{N^{t) : t e [0,<i]}fc^o can be constructed such that 



N^,{t) = {Y,,...,YM){y{p))^N,{Q) 

N'[+\t) = iVi(0)+,/ N^{s)B^{h - s,t2. ■.■,tM)ds,k = 0, 1,2, ... 



(2.183) 



t 

/ 



It is easily seen that 

<+i(t) = N,io)Z',+\t;h,...,tM), t e [0,ii] (2.184) 
where {Zi{t]tx, ....tu) ■ t e [O,ti]}fej.o defines a solution in p.l77p and 

Um Z^{t-h,...,tM) = Zi{t;h,...,tM) (2.185) 

/c— >-oo 

uniformly int G [0,ii]. Therefore using (|2.184p and (|2.185|) we get that 

Ni{t) = Urn N^{t) ,t £ [0,ti] (2.186) 

is the solution in (|2.18ip fulfilling 

Ni{t;y)^{Yi,...,YM}{y)Zi{t;h,...,tM), te[0,h] (2.187) 
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if y = y{p)^ and (|2.178p holds. The next vector field X:i{ti,t2;y) in (|2.119p can be 
represented similarly and rewriting it as 

X^itiM-^y) = Hi{-tuy)X:i{t2;y2), foryi = y (2.188) 

2/2 = Gi{-ti;yi) = G2{t2) o ... o GM{tM) 

and 

X;3(i2; 2/2) = H2{-t2;y2)Y3{G2{^t2, y2)) (2.189) 
can be represented using the same algorithm as in (|2.178p and we get 

X3it2;y2) = {Yi,...,YM}{y2)Z2{t2;t2,...,tM)e3 (2.190) 

Here the nonsingular and smooth M x M {Z2{t;t2, ■■■,tM '■ t E [0,^2]} is the unique 
solution of the following linear matrix system 

—^=Z2B2{t2-t,t3,...,tM), ^2(0) =/m (2.191) 

at 

where -82(^2, .-.,^71/)^ G Dai is fixed such that 

adY2{Yi,...,YM}{y2) = nf}(y2)B2(t2, U/), P € ^Af (2.192) 

Denote 

N2it,y2)^H^_t^y^^{Y,,...,YM}G2i-t;y2),te[0,t2] (2.193) 

and we obtain 

X3{t2;y2) ^ N2{t2;y2)e3 = {Yl, ...,YM}{y2)Z2{t2;t2, ■.■,tM)e3 (2.194) 

That is to say, {N2{t;y2) '. t e [0,^2]} as a solution of 

—i = N2B2{t2 - t,t3, -Mi). ^2(0) = {Fi, YM}{y2) (2.195) 
at 

can be represented using a standard iterative procedure and we get 

N2{t;y2) = {Yi,...,YM){y2)Z2{t-t2,-Mi) ,t & [0,^2] (2.196) 

where the matrix Z2 is the solution in (l2.19ip . Now we use (|2.194p into p.l88p and 
taking into account that j/2 ~ Gi{—ti, yi) we rewrite 

Hi{-h-y^){Yi,...,YM}{Gi{-h,yi))^N^{h-yi)iovy^=y{p) (2.197) 

where {Ni{t]y{p)) : t e [0,ti]} fulfills dHHT]). Therefore the vector field X3(ti,t2;y) 
in (|2.174p satisfies 

X3{ti,t2;y) = {Yi,...,YAi}{y)Z{ti,ti,...,tM) x ^2(^2; ^2, iA/)e3 (2.198) 
for y = yip). An induction argument will complete the proof and each Xj{pj;y) in 
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(|2.174p gets the corresponding representation 

Xj+i{pj+i;y) = {Yi, ...,YM}{y)Z{ti,ti, ...,tM) x ... x Zj{tj;tj , ...,tM)ej+i (2.199) 

if y = y{p) and {Zj{t,tj, ...,tM ■ t G [0,tj])}j e {2, ...,M — 1} is the solution of the 
linear matrix equation 

= ZjBj{tj - t,tj+u ...Mi). Zj{Q) = Im (2.200) 

Here the smooth matrix Bj{tj , ....,tM) ,P G Dm, is fixed such that 

adY^{Y,, ...,YM}{y,) = {Y,, ...,YM}{y,)B^{tj, ...^i) (2.201) 

where yj — Gj{tj) o ... o GM{tM){xo) ,j ~ 1, Af. Now, for simphcity, denote the 
M X M smooth matrix 

Zj{p) = Zi{ti-h,...,tM) X ... X Zj{t,-tj,...,tM),P={ti,...,tM) e Dm (2.202) 
j e {1, M - 1} andXj+i(pj+i;y) 

in (|2.199p is written as 

X,+iipj+,;y) - {n, ...,YMKy)Zjip)e^+,,ify^ y{p), p G Dm (2.203) 
In addition, define the smooth {M x M) 

A[p) = (ei,Zi(p)e2, ...,ZA/_i(p)eM), P £ Dm (2.204) 
which fulfills ^(0) = Im and represent the gradient system (|2.17ip as follows 

{Y,i.),X2{h, .), ...,XMih, .my) = {Yi, YM}iy)Aip) (2.205) 

if 2/ = y{p), and the smooth (M x M) matrix A{p) is defined in (|2.204p . The proof is 
complete. □ 



2.6 First Order Evolution System of PDE and Cauchy- 
Kowalevska Theorem 



We consider an evolution system of PDE of the following form 

{n N 
dtUj ^ J2 J2 "■'jk(t,x,u)diUk + bj{t,x,u), j = l,...,N (2 206) 

u{0,x)= uq{x) 

where u = (ui, un) is an unknown vector function depending on the time variable 
t G K and x G M". The system (|2.206p will be called first order evolution system of 
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PDE and without losing generahty we may assume mq = (see the transformation 
u = u — uq) and the coefRcients ajj, bj not depend on the variable t{see un+i = 
t, dtUN^i = 1). The notations used in (|2.206p are the usual ones dtu = ^ ,diU = 
i e {l,...,n}. Introducing a new variable z = {x,u) G B{0,p) C R"+^, we 
rewrite the system (|2.206p as follows 

n N 

= T, T, a,)^{z)d^Uk + bj{z), j ^1,...,N (2 207) 

= 

Everywhere in this section we assume that the coefRcients a^ji^,bj E C^"{B{Q, p) C 
R"+^) are analytic functions, i.e the corresponding Taylor's series at z = is conver- 
gent in the bah 5(0,/?) C R"+^ (Brook Taylor 1685-1731) 




2.6.1 Cauchy-Kowalevska Theorem 



Theorem 2.6.1. Assume that 

a)„b,eC^iBio,p))CR-+^ 

for any 

I e {l,...,n},fc,j e {l,...,n + N} 

Then the evolution system (|2.207p has an analytical solution u € C^"{B{oTa)) C M' 
and it is unique with respect to analytic functions. 



Proof. Without restricting generality we assume n = 1 and write ajk = ajj.- The main 
argument of the proof uses the property that the coefRcients c\f. from the associated 
Taylor's scries 

i,fc=0 i.fc=0 

are uniquely determined by the evolution system (|2.207p and its analytic coefRcients. 
Then using an upper bound for the coefRcients c\f., we prove that the series (|2.208p 
is convergent. In this respect we notice that 

[— w,(t,a;)]t=o = Ofor anym ^ (2.209) 
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(see Uo{x) = 0) using (|2.207p wc find the partial derivatives 

S^'''")' IS^"'^)' (2.210) 
and so on which are entering in (|2.208p . for each i G {z, ...N}. If 

oo oo 

= J2 5^'^"and6j \ z \= /^z" (2.211) 

|a|=0 |a|=0 

for I z 1^ (0 , a = (ai, ..aN+i), \ ol \~ a.; + ....ajv+i, and 0, integer, the 

C?fc=i^y(5r)a,,,™,(/i^Ja,,] (2.212) 

when Pj'j. is a polynomial with positive coefScient(^ 0). It uses the coefficients 
e;^.( (|2.208p ) and noticing that by derivation of a product we get only positive co- 
efficient. Now we are constructing the upper bound coefficient for C;'^. given in 
(j2.212p such that 

v^{t,x)= Qfc^'a;^^ = l,2,...,A^ (2.213) 

l,k=0 

is a local solution of the Cauchy problem. 

dtiyj = ^7VA,fc(z)|-i/(fc) +S,(z), iy,{0,x) - 0, j e {l,...,iV} (2.214) 

fc=i ^ 

Here A,;; and must be determined such that 

oo oo 

A,u{z) = Y G"'-^"' ^^■(^) = E (2.215) 

|q|=0 |q|=0 



where|5^M^GiM/i^j^F^ 
Using (|2.215p . we get 



Qfc = ^fcKGDa,,.™, I ff^ U,,] M Pi\[\ gr U,,,™, (I hij^^A \M 4 I (2.216) 

and the upper bound coefficients {C;\} are found provided Ajk and Bj are deter- 
mined such that the svstem (|2.214p is satisfied by the analytic solution v(t,x) given 
in (|2.215p . In this respect, we define the constants G^^ and H^'^andH^ using the 
following estimates 

Ml = max I Qjkiz) \,M = max | bj{z) \j,k = 1, ...N \ Z p (2.217) 

we get 

I \ ya \^ p|a| =^ p|c| — <-^Q , . 

1 I |< < _ fJJ (.^.^iSj 
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= M[l - + - + for I zi I +...+ I ZN+i \< p (2.219) 
P 

B,{z) = iff z„ = Af [i_fl±::i±i^]-i, for I I +...+ I 2^+1 |< p (2.220) 
l"l=o ^ 
Here we have used 

1,1 ^+1 

E = (E ^»)'' = («i!)-(«A^+i!),^" = ^^^-^^^r (2-221) 

|a|=fe ■ i=l 

Notice that the coefficients Ajk , Bj do not depend on {j, k) and each component 
Vi(t,x) can be taken equals to w(t,x),i € {1,...,A'^}, where {w{t,x)} satisfies the 
following scalar equation 

dtw = ^^^^——(l + Nd^rw), w(0,x) = Ofor \ x \ +N \ w \< p (2.222) 

p — X — Nw 

by a direct inspection we notice that for x E R" we need to replace a: e M in p. 2221) 

n n 

hy X y = J2^i where x = (.ti,...x„) and w(t,x) — ?> w{t,J2xi) The solution of 
— 1 1 
(|2.222p can be represented by 

W{t,x) = ^[p-x-^{p~ xY - AMNpt], if \x\<^p (2.223) 

and 

t < — - — = TiM, p) 

n 

In the case x E R" we use y = (^ Xi) instead of x e R and 'w{t, y) satisfy both the 

1 

equation (|2.222p and the representation formula p.223p . □ 



2.6.2 1st Order Evolution System of Hyperbolic & Elliptic 
Equations 



In the following we shall rewrite some hyperbolic and elliptic equation appearing in 
Mathematical Physics as an evolution system of first order equation. It suggest that 
assuming only analytic cofficicnts we may and do solve these equations applying the 
Cauchy-Kowalevska theorem (C-K) 

(El). Klein-Gordon equations(D.B Klein 1894-1977, W.Gordon 1893-1939) 

They are describing the evolution of a wave function y associated with a vanishinq 
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"spin" particle and in differential form is expressed using standard notations, as follows 



dtV = ^y-my + f{y, dty, d^y), m > 0, i ^ 0, y e R 
2/(0, x) = yo{x) = dty{0, x) = yi{x), x € R" 

where dty = ^.d^y = (diy, ...,5„y), d^y = and 

n 

the laplacian Ay = ^ dfy. Denote 

1 

u= {d^y,dty,y) € R"+^ = {da;yo{x),yi{x),yo{x)) 

and F{u) = f {y , dty , dxy) . Then ()2.224p is written as an evolution system 



(2.224) 



/ dt i 



djUn+i, j e {1, ...,n} \ 



dtUn+l J2 9iUi + F{u) 

dtUn+2 = Un+1 

\ u{0,x) = u°{x) 



(2.225) 



{E2). Maxwell equations (J. C.Maxwell 1831-1879) 

Denote the electric field E{t,x) eM?,x <E M? ,t e R, the magnetic field H{t,x) G 
R'^ , x e R'' , i e R and the Maxwell equations are the following 



f ^^dtE-AxH^ Q,E{0,x) = E^{xs) \ 
yMMld^H + AxE^ Q,H{0,x)^H'>{x) J 

where D — e{E) and B — ^,{H) are some nonlinear mappings satisfying 

e{E),fi{H) : R'"^ ^ R 



(2.226) 



(2.227) 



are analytic functions with uniformly positive definite matrices , ^^q^^ for H 
in bounded sets. In addition, we assume 



e{E) = eoE + 0{\E\''),^i{H) 

= ^iqH ^0{\Hf)withea>0,iio>0 (2.228) 

e{E) = £0^^ + 0(1 E p), ^{H) ^ fioH + 0{\ H |3)witheo >0,fio> (2.229) 

divD{t, x) = 0, divB{t, x) = 0, D{0, x) = D"{x),B{0, x) = B^{x) (2.230) 

where D(t,x) = e{E{t,x)) and B{t,x) = fi{H{t,x)). The vectorial products Ax H 
and A X E are given formally by the corresponding determinant 



i j k 
AxE^det\ di 82 83 
Hi H2 H3 



lid2H3-d3H2)+j{d3Hi-diH3) + k{diH2-d2Hi) 

(2.231) 
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= iid2E3 - 33^2) +jid3Ei - diEs) + k{diE2 - 92 Si) 
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f i j k 
AxE^detl di 82 ds 
\ El E2 E3 

(2.232) 

where {i,j,k) G K'^ is the canonical basis. Denote u = {E,H) e M*' and the system 
(|2.226p for which the assumptions p. 2271) . (|2.229p and p.230p are vahd will be written 
as an evolution system 



dtu = Y^[A°{u)]~^A^d^u, u{0,x) = u°{x) = iE"{x),H°{x)) 
where (6 x 6) matrices A^ are given by 



(2.233) 



A°{u) 



dE 
O3 



O3 

OH 



A' 





03 














1 1 









-1 
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03 
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where O3 is (3 x 3) zero matrix, A'^{u) is strictly positive definite matrix and each 
is a symmetric matrix. Recalling that Maxwell equation means the evolution system 
with analytic coefficients (|2.233p and, in addition the constraints (|2.230p . we notice 
that (|2.230p are satisfied, provide 



divD°(a;) and divB°(a;) = 

In this respect, we rewrite the original system (|2.226p as 

dtDA xH = 0, dtB + Ax EO, D{0, x) = D"{x), B{0, x) = B°{x) 

and by a direct computation we get 

dt[dwD{t,x)] = div[dtD]{t,x) = div(A x H){t,x) = 
dt[divB{t,x)] = div[dtB]{t,x) = div(A x E){t,x) 



(2.234) 



(2.235) 



(2.236) 



which show that (|2.234p implies the constraints (|2.230p 



2.7. (Es) PLATE EQUATIONS 

2.7 (£'3) Plate Equations 
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(they cannot be solved by (C-K) theorem). They are described by the following 
equation 

n 

d^y + A'y = fidty, d^y) + ^ h{dty, dly)d,{dty), x e M" (2.237) 

1=1 

where / and bi arc analytic functions, and y{t,x) e R satisfies Cauchy conditions. 

yiO,x)=yo{x), dty{0,x) = yi{x) (2.238) 

Here "A"is the standard laplacian operator, ^^d^^is the gradient acting as linear map- 
pings for which "A^"and "9^" have the usual meaning. Denote 

u = {dly,dx{dty), dty) = (ui, . . . ,u„2,u„2+i, . . . , m„2+„, u„2+„+i) 

= (yil,yi2,---,2/nl,---,2/ln,y2n,---,ynn,Wn2 + l,---,'«n2+„,tl„2_,_„_l_l) G i?" +"+^ 

as the unknown vector function, where (n x n) matrix d^y is denoted as a rowvec- 
tor (2/11, ... , ynn) S R"" ■ By a direct inspection we see that 



n 

9tW„2+„+i = - ^iVii) + F{u) 

n 71^ +^1 + 1 

dtdtUn2+j ^ dj{dtUn2+n+i) = -Y. dj/^{yii) + E ■£-F{u)djUk 



'-^ (2.239) 

d 



^ u{0,x) = {dlya{x),dx, yi{x),yi{x)) = u"{x) 



k=l 



where F{u) = /(u„2+„+i, a^y) + ^^("n^+n+i, 9^y)u„2+i. As far as the system 

i=l 

(|2.239|) contains laplacian "A" in the right hand side it cannot be asimilatcd with a 
first order evolution system. Actually, it is well known that a parabolic equation 
has no rewriting as a first order evolution system and show that the simplest plate 
equations. 

dfy + A^y = y{0,x) = yo{x), dty{G,x = yi{x)) (2.240) 
are equivalent with a parabolic type equation (Schrodinger) 

dtw = iAw{or - idtw{t, x) = A^w{t, x)) 
w{o,x) = yi{x) + iAyo{x) = w^{x) 

Remark 2.7.1. Let {y(t,x)} be the analytic solution of the plate equation (4). Define 
the analytic function w{t, x) — dty{t, x) + iA^yit, x) G C. Then {w{t,x) : (t,x) G 
D C R"+^} satisfies Schrodinger (S) equation (|2.24ip and initial condition w{o,x) = 
yi{x) + iAyo^x) = w°(x). Conversely, ifw{t,x) = y{t,x) + iz{t,x) satisfies (|2.24ip 
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then Rew{t,x) 4 = y(t^x) and Imw{t,x) = z{t,x) are real analytic solution for the 
homogeneous equation of the p/ate (|2.240p with Cauchy conditions y(0,x) = ya{x) and 
z{0,x) = zq(x) correspondingly. Moreover, the solution of the Schrddinger equation 
(|2.24ip agrees with the following representation w{t,x) = u{it,x) where u{t,x) — 
(Attt)^ Jg^„[exp{—)]uQ{y)dy and we get —idtw{t,x) — dru{it,x) = Axu{it,x) = 
Axw{t^x) (S-equation). 



2.7.1 Exercises 



(1) Using the algorithm for Klein-Gordon equation, write the evolution system cor- 
responding to the following system of hperbolic equations 

n 

d^yi= X! C^JnJk{^xy)^m^kyJ, i = i,--,n,y = {yi,...,yn) 

m.jjk—l 

y.,{0,x) ^ y^{x) , dty,{0,x) ^ ylix) , I ^ l,...,n,x eW' 
(it appears in elasticity field) 

Hint, d^y = {d^yi, ■■.,dxyn) , d^yi = {diyi, ...,dnyi) ,j € {l,...,n} 
Denote Uiky = dkydt, x) , k e {1, ...,n} , i € {1, ...,n} 

w„2+i = dtyi ,ie{l, ...,n} 

M„2_^„+j = , i e {1, ...,n} 

we get 

dt = dkdt yi = d^^ u„2+, i e {I, n} 

n 

< 9tw„2+i = 9t2= J2 C'jmjfc(wii, •■•,'"n«)9x„(ufcfc) , i e {1, •■•,"} 

m.j,k—l 

^ 9tu„2+„+j =dtyi = ■u„2+j , i e {1, ...,ri} 

(2) Using (C-K) theorem solve the following elliptic equation 

dl + dl ^x''+y\ u(0, y) - a, 7/(0, y) = 

Hint. Denote t — x, dyU = ui, dxU = U2 ,u — and we get 

f dtui = dy{dtu) = dyU2 ( dtU2 = d^u = -dyUi + t'^ + y^ ( dtu^ = ita 
l"i(0,2/) = '\u2{0,y)=0 '\u3(0,y)-0 

We are looking for 

t t^ 
Mt, y) = "3(0, y) + Yy9tW3(0, y) + ^92^3(0, y) + ... 



2.7. (E-i) PLATE EQ UATIONS 



85 



Now compute 

■"3(0,2/) = ,9tU3|t=o = u2|t=o = 0, d^uslt^o = dtU2\t=o = , d^u:i\t=o 

for A: > 3. Wc obtain y) = ^3(2:, y) — ^x^y-^ 
(3) by the same method solve 

dl + dl=y\u{Q,y) = d^u[0,y) = Q 

and get 

X y x^ 



2.7.2 The Abstract Cauchy-Kawalewska Theorem 



(L.Nirenberg, J.Diff.Geometry 6(1972)pp 561-576) 

For < s < 1, let Xg be the space of vectorial functions v{x) G C" which are 
holomorphic and bounded on Dg ~ 11^=1 {I l< •^^} ^ Denote || u \\s= sup^_^ | 
i^{x) \. Then Xs is a Banach space and the natural inspection Xs C Xs'{s' ^ s) has 
the norm || i ||^ 1. By the standard estimates of the derivatives (sec Cauchy formula), 
we get II djiy \\s'^ \\ v \\s {s — s') for any < s' < s < 1 and for a linear equation 
the following holds true 

Theorem 2.7.2. Let A{t) : Xg Xg' be linear and continuous of \ t \< rj for any 

< s' < 1 fulfilling 

(^l) II A{t)v lU-^CIli. lU-.', VO<s'<s<l 
Let f(t) be a continuous mapping 0/ | t |< ?/ with values in X^, < s < 1 fulfilling 

(«2) II /(t) lls^ . ,forO<s<l 
a{\ — s) 

where < a < is fixed and K > is given constant. Then there exists a unigue 
function u(t) which is continuously differentiable 0/ | t |< a(l — s) with values in X^ 
for each < s < 1, fulfilling 

{C^)^{t)^ A{t)u{t),u{0)=0 
(C2) II uit) 11,^ 2K{^^ - l)-i for any \ t \< a(l - s). 

Theorem 2.7.3. The nonlinear case is refering to the following Cauchy problem 



ic^)-J7 = FHt),t) \t\<V, u(0) = 
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Let the condition (ai) andia^) be fulfilled. Then there exists a > and a unique 
function uit) which is continuously dijjerentiable of \ t \< a(l — s) with values in Xg 
fulfilling the equation (a) and \\ u{t) ||s< i? V | t |< a(l — s), for each < s < 1. 



2.8 Appendix Infinitesimal Invariance 



J.R.Olver (Application Of Lie algebra to Diff.Eq, Springer, 1986, Graduate texts in 
mathematics; 107) 

1. One can replace the complicated, nonlinear conditions for the invariance of a 
subset or function under a group of transformations by an equivalent linear condition 
of infinitesimal invariance under the corresponding infinitesimal generators of the 
group action. It will provide the key to the explicit determination of the symmetry 
groups of systems of differential equations. We begin with the simpler case of an 
invariant function under the flow generated by a vector field which can be expressed 
as follows 

f{G{t; x)) = f{x), t e (-a, a) x e D C M" (2.242) 
g{f){x) d,f{x),gix) >= 0, Vx G D. (2.243) 
where G(0; x) = x, g{G{t; x)), t e (-a, a), x e D 

Theorem 2.8.1. Let G be a group of transformation acting on a domain D C M". 
Let F : D ^ M"', m ^ n, define a system of algebraic equations of maximal rank 

OF 

iFj{x) = 0, j = l,...,m);rank—x) = m,\/x& D,F{x) = (2.244) 

Then G is a symmetry group of system iff 

g{Fj){x) = 0, Vx- e {y e : F{y) = 0}, j - 1,2, ...,m (2.245) 
where g is the infinitesimal generators of G. 



Proof. The necessity of (|2.245p follows by differentiating the identity F{G{t; x)) = 
0, t E {—a, a) in which x is solution of (|2.244p and G{t;x),t e (—a, a), is the flow 
generated by the vector field g. To prove the sufficiency, let xq be a solution of the 
system using the maximal rank condition we can choose a coordinate transformation 
y — {y^, ...,2/") such that xq = and F has the simple form F{y) — [y^ , ...,?/™). Let 
gijj) = (g^{y), (7"(y)) G K" be any infinitesimal generators of G expressed in the 
new coordinates and rewrite (|2.245p as follows 

g\y) = , i = 1, 2, m, e R", = ... = y™ = (2.246) 

Now the flow G{t){xo), t € {—a, a) generated by the vector field g and passing 
through Xq = satisfies the system of ordinary differential equations ^^(t)(a;o) = 
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g^{G{t){xo)), G{0){xo) = 0, G'{t){xo) = 0, t € {-a,a),i = l,...,m which means 
F{G{t){xo)) —0,te {—a, a). The proof is complete. □ 



Example 2.8.1. Let G ~ SO{2) be the rotation group in the plane, with infinitesimal 
generator (g = —ydx + xdy) 

g{x,y) = col{—y,x). The unit circle Si — {x^ + = 1} is an invariant subset of 
SO{2) as it is the solution set of the invariant function f{x, y) = + — 1. Indeed, 
g{f){x,y) = —2xy+2xy = 0, \/{x,y) G so the equations (4) are satisfied on the unit 
circle itself. The maximal rank condition does hold for f since its gradient df{x,y) = 
col{2x,2y) does not vanish on S^ . As a less trivial example, consider the function 
f{x,y) = (a;^ + l){x^ + — 1) and notice that g{f){x,y) — —2xy{x'^ + l)~^f{x,y) 
which shows that g{f){x,y) = whenever f{x,y) = 0. In addition df{x,y) ~ (4x3 + 
2xy^ ,2x^y + 2y) vanishes only when x ^y = which is not a solution to f{x,y) = 0. 
We conclude that the solution set {{x, y) : (x^ + + — 1) = 0} is a rotationally- 
invariant subset of . 



Remark 2.8.2. For a given one-parameter group of transformations y = G(t){x), x G 
D C M", t g (—a, a) generated by the infinitesimal generator 

t = 9\x)dx^ + ... + {see ^^^§^ = 5(G(i)(x)), t e (-a, a), G'(0)(x) - x 



g{x) = col{g^{x), g"'{x)). We notice that the corresponding invariant functions are 

dx 
dt 



determined by the standard first integrals associated with the ODE % = 9{x). 



2.8.1 Groups and Differential Equations 



Suppose we are considering a system S of differential equation involving p independent 
variables x = and q dependent variablesu = {u^ , ...,u''). The solution of 

the system will be of the form = /"(x), a = 1, g. Denote X = K^, [/ = and 
a symmetry group of the system S will be a local group of transformations, G, acting 
on some open subset M C X x U in such a way that" G transforms solutions of S to 
other solutions of S" . To proceed rigorously, define the graph of u = f{x), 

Tf = {(xJix)) -.xenjCXxU 

where fl C X is the domain of definition of /. Note that is a certain p—dimcntional 
submanifold of X x [/. If C Mg (domain of definition of the group transformations 
G) then the transform of F/ by G is just 

G.T f = {{x,u) = G{x, u) : {x, u) e F/} 

The set GF/ is not necessarily the graph of another single valued function u = f{x) 
but if it is the case then we write / = G.f and / the transform of / by G. 
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2.8.2 Prolongation 
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The infinitesimal methods for algebraic equations can be extended for "systems of 
differential equations" . To do this we need to prolong the basic space XxU to a space 
which also represents the various partial derivatives occurring in the system. If f : X —¥ 
[/ is a smooth function,?/ = f{x) = {f^{x), f'^{x)) there are q.pk numbers = 
djf"{x) needed to represent all different k ~ th order derivatives of the components 
of / at point x. We let Uk = K'^-P/t be the Euclidean space of this dimension, endowed 
with coordinates corresponding to a = 1, q, and all multi-indices J = (ji, ■■■,jk) 

of order k, designed so as to represent djf°'{x) = ^jp- 

Set J7" = U X C/i X ... X [/„ to be the product space. whose coordinates represents 
all the derivatives of functions u = f{x) of all orders from to n. Note that [/" is 
Euclidean space of dimension 

q + qpi + ... + qpn = gp" 

Atypical point in [/" will be denoted by m" so u" has q.p^ different components u" 
where a = 1, ...,(? has J sums over all unordered multi- indices J = (ji, with 
1 ^ jk ^ P, ji + ■■■ + jk ^ k and ^ k ^ n. (By convention for fc = there is just one 
such multi-index, denoted by O, and Uq just replace to the component it" of u itself) 



Example 2.8.2. p = 2,q = l.Then X = R^, (a;\ a;^) = {x,y) and U = R has 
the single coordinate u. The space Ui isomorphic to with coordinates {ux,Uy) 
since these represents all the first order partial derivatives of u with respect to x and 
y. Similarly U2 = R'^ has coordinates {uxx,Uxy,Uyy) representing the second order 
partial derivatives of u, namely g^fg^" — - ,i = 0,1,2. In general, Uk = R'^^"'^ , since 
there are (k+1) k-th order partial derivatives of u, namely 

dx^dvk ' * = '^i li ■•' k- Finally, the space U'^ = U x Ui x U2 ^ R^, with coordinates 
= (u;Ux,Uy,Uxx,Uxy,Uyy) rcprcscnts all derivatives of u with respect tox and y of 
order at most 2. Given a smooth function u = f(x) f : X ^ U there is an induced 
function u" = pr^^^ f{x) called the n — th prolongation of f which is defined by the 
equations 

Uj = djf"{x), J = (ji, jfe), 1 jfe p, ji + ■■■+ ik = k,Q^k^n 
for each a = 1, . . .,q{seeX = RP, [/ = W). 

The total space X x U" whose coordinates represents the independent variables, the 
dependent variables and the derivatives of the dependent variables up to order n is 
called the n — th order jet space of the underlying space XxU (it comes from viewing 
pr'^^^) f as a corresponding polynomial degree n associated with its Taylor series ar the 
point x )If the differential equations are defined in some open subset AI d X x U then 
we define the n-jet space M^") = M x J7i x , J x J7„ of M. 
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2.8.3 Systems of Differential Equations 
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A system S oi n — th order differential equation in p independent and q dependent 
variables is given as a system of equations 

A^(a;, = 0,nw (2.247) 

involving x = (.t^, . . . , x^), u = (u^, . . . , u*) and the derivatives of u with respect to x 
up to order n. The function A(a;, u") = (Ai(x,m"')), . . . , Aj(a;, u"), will be assumed 
to be smooth in their arguments so A can be viewed as a smooth map from the jet 
space X X [/" to some /— dimensional Euclidean space A : X x — M'. 
The differential equations themselves tell where the given map A variables on X x t/" 
and thus determine a subvariety 

5a = {(a;, w") : A(.t, w") = 0} C X x [/" (2.248) 

On the total jet space. 

From this point of view, a smooth solution of the given system of differential equations 
is a smooth function u = f{x) such that 

A,(x,pr(")/(a;))=0,z.= l,...,Z 

whenever x lies in the domain of /. This condition is equivalent to the statement that 
the graph of the prolongation pr'")/(x) must lies entirely within the subvariety S\ 
determined by the system 

r^") = {(a;,pr(")/(2;))} C 5a = {A(a;, J")) = 0} (2.249) 

We can thus take an n — t/i order system of differential equations to be a subvariety 
5a in the n = jet space X x and a solution to be a function u = f{x) such that 
the graph of the n — th prolongation pr^"'/ is contained in the subvariety 5a- 



Example 2.8.3. Consider Laplace equation in the plane 

UXX + Uyy = (2.250) 

Here p = 2,q = l,n = 2 coordinates {x^y,u^Ux,Uy,Uxx,UxyTUyy) of X x U" (a 
hyperplanejthere, and this is the set a for Laplac's equation. A solution must satisfy 

a^+a^ = «V(x,y) 

This is clearly the same as requiring that the graph of the second prolongation pr^ f 
lie in 5a- For example, if 

f{x, y)=x^ - 3xy^ 

then 

pr^f{x, y) = [x^ — ixy^] ix^ — 3y^, ~-6xy; 6x, —6y, —6x) 
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which lies in 
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S'a( see Qx + (—6a;) = 0) 



2.8.4 Prolongation of Group Action and Vector Fields 



We begin by considering a simple first order sealar differential equation 

^ = F{x,u), {x,u)eDCR'^ (2.251) 
ax 

This condition is invariant under a one-parameter group of transformations 
G(e) = expeg defined on an open subset DC xt/ = where 

g = ^{x,u)d:, + (l)ix,u)du (2.252) 

is the infinitesimal generator. 

Let u = u(x; xq,uq) be s solution of (|2.25ip satisfying u{x\ xq, uq) = uq and (xq, uq) G 

D arbitrarily fixed. Then w(xo(e); xq, uq) ~ uo(e), e G (—a, a) 

where 

{xo{e),uo{e)) = G{e){xo,uo) 
It leads us to the following equations 

T-(^o(e))-^(e) = ^(e) ■^=^ F{xo,uo)4{xo,uo) = <f){xo,uo) (2.253) 
ax ae ae 

for any {xo,uo) G D C M^. 

On the other hand, the equation (|2.25ip can be viewed as an algebraic constraint 

F{x,u)-Ua:^ (2.254) 

on the variables {x, u, Ux) £ and we may do ask to find a prolonged and parameter 
group of transformations G'(l)(e) + expe^^^^ acting on a prolonger subvariety il/'^-' ~ 
X X U X t/^^) = such that the set solution (|2.254p is invarient. In this respect, 
notice that the new vector field g'^^ is a prolongation of the vector field g given in 
((2:252)) . = 5(1) 

g^'^\x, u, Ux) — ^{x, u)dx + (t){x, u)du + 'r/{x, u)du^vfhcTc{£,{x, ti), (f){x, u), ) (2.255) 

satisfies p.253p V(.t,w) G D C R'^. The set solution p.254p is invariant under the 
infinitesimal generator (|2.255p if f{f{x,u,Ux) = F{x,u) — Ux) 

{dxm + {duf)cl>+{du^.f)v = (2.256) 

for any {x,u,Ux) verifying (|2.254p . An implicit computation of (|2.256p show us that 
(77(0;, M, Mj;), (/)(a:, u), ^(x, w)) must satisfy the following first order partial differential 
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equation 

77(x, u, Ux) = dx<i>{x, u) + [9„(/>(x, u) - dx({x, - du^{x, u).ul (2.257) 

Once we found a symmetry group G, the integration of the equation ()2.25ip may 
become a simplex one using elementary operations like integration of a scalar function. 



2.8.5 Higher Order Equation 



Consider a single n — th order differential equation involving a single dependent vari- 
able u 

(111 (1^ 1 1 

A{x, = A(x, u,— =OxeR (2.258) 
ax dx" 

If we assume that (|2.258p does not depend either of u or a; then the order of the 
equation can be reduced by one. In this respect consider that A in (|2.258|) satisfied 
9iiA = Oi.e the vector field g ~ du has a trivial prolongation pr"(7 ^ g = du generating 
a corresponding prolonged group of symmetry G*-"-* for the equation 

A(a;, ui, ...Un = 0) , wherewi = — — , i g {1, . . . , nil, ...n (2.259) 
Denote z = ^ and rewrite (|2.259p as 

A{x, z,^,..., ^) = A(:., z("-i)) = (2.260) 
dx dx 

Whose solutions provide the general solution for (|2.259p and u{x) = J^^ h{y)dy + c is a 
solution for (|2.259p provided z = h{x) is a. solution for (|2.260p . The second elementary 
group of symmetry for (|2.258p is obtained assuming that A does not depend on x and 
write (|2.258p as 

A(«("))^A(u,^,...,j^)=0 (2.261) 

dx dx"- 

This equation is clearly invariant under the group of transformations in the 
a;— direction, with infinitesimal generator g = dx- In order to change this into the 
vector field g = dv, corresponding to translations of the dependent variable, it suffices 
to reverse the rules of dependent and independent variable; we set y = u, v = x. 
Then compute 4^ = using u{v(y)) = y. Similarly, we get 

dx"^ {v'yY ' ' dx"^ ^ ' ' ^ 

and rewrite (|2.26ip as follows 

A(«(")) = A(u, ...,£!;) = A(y, ^(1), . . . , = A (2.262) 
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where = , fc = 1, . . . , n. The equation p.262p is transformed into a (71— l)—th 
order differential equation as above denoting v'^^ = z as the new unknown function. 



Bibliographical Comments 



The first part till to Section 2.3 is written following the references [H]:[I1] and [T3]. 
Section 2.3 contained in a ASSMS preprint (2010). Sections 2.4 and 2.5 are written 
following the book in the reference [TT]. Sections 2.6 and 2.7 are using more or less 
the same presentation as in the reference |12| . 



Chapter 3 



Second Order Partial 
Differential Equations 

3.1 Introduction 



PDE of second order are written using symbols dt,dx,dy, dz,df, d^, dy, d1 where < G M 
is standing for the time variable, (a;, y, z) e B? are space coordinates, and a symbol 
ds{d^) represent first partial derivative with respect to s g {t,x,y,z} (second partial 
derivative). There are three types of second order PDE we are going to analyze here 
and they arc illustrated by the following examples 

d'^u -dlu = (hyperbolic) {u{x, y) G K, (x, y) e R^) 

Alt = dlu + d^u = (elliptic) {u{x, y) e M, (x, y) € M."^) 
dtu ^ dlu + d^u = Am (parabolic) (u(i, x,y) e R,t e R, {x, y) G M?) 

PDE of second order have a long tradition and we recall the Laplace equation (Pierre 
Simon Laplace 1749-1827) 

dlu + dyU + dlu = Au — (elliptic, linear, homogeneous) (3.1) 

and its nonhomogeneous version 

Au = dlu + dyU + d^u = f{x,y,z) (Poisson equation) (3.2) 

originate in the Newton universal attraction law (Isaac Newton 1642-1727). Intu- 
itively, it can be explained as follows. An attractive body induces a field of attraction 
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where intensity at each point (a;, y, z) £ is calculated using Newton's formula 



u = 7' 



where 7 is a constant, /i = mass of the body, considering that the attractive body is 
reduced to the point (xo,yo7-2o) S ■ In the case of several attractive bodies which 
are placed at the points (xi, y^, Zi), i G {!,..., N}, we compute the corresponding 
potential function 

N N 



where 

P = {x,y,z),P, = {x^,y^,z,) 

and 



'■iP,P,) = ^/ix - x,)2 + {y - y,y2 + {z- Zif. 



It was Laplace who proposed to study the corresponding PDE satisfied by the po- 
tential function u and in this respect denote Ui = 1 r{p!p ) compute its partial 

y< 



derivatives. We notice that d^r ~ ^ , dyV = ^ = dzV = and 



{x ~ x.{) [y - yi) {z - Zj) 

OxUi = --fHi — ^ , OyUi -7^i — — — , dzUi = -jfii — — — (3.3) 

Using p. Bp we see easily that 



1 I OX—Xi 



d^u, =7^4-4,-1-3 

= + (3.4) 
[ 52^, = jfi^i-^ + 3^] 

and by adding we obtain 

Aui dlu, + d^u^ + d^u, ^ 0, i = l,2,...,iV (3.5) 



which implies 



^^Ui)Au = d^u + dyU + d^u = (Laplace Equation) (3-6) 



3.2 Poisson Equation 



It may occur that we need to consider a body with a mass distributed in a volume 
having the density p — p{a, &, c) at the point x ~ a,y ~ b, z = c and vanishing outside 
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of the ball ^ R^. In this case the potential function will be computed as 

follows 

fT3\ fff p{a,b,c)dadbdc 

where P — {x, y, z), P{a, b, c) — (a, &, c) and the constant 7 is included in the function 
p. By a direct computation we will prove that if p{a,b^c)^ {a,b,c) S i?(0, i?), is first 
order continuously diffcrentiable then the potential defined in (|3.7p satisfies Poisson 
equation. 

Alt = d^u + d^u + dlu = -4Trp{x, y, z), (x, y, z) e B(0, R) (3.8) 

and 

Am = 0, {x,y, z) ^ B{0, R) (Laplace Equation) (3.9) 

We recall that a similar law of interaction between electrical particles is valid and 
Coulomb law is described by 

p _ ^ (rni,m2) — electric charges of (Pi, P2) (3.10) 

7 = i a constant, 

r'^ = (2:1 - X2f + {yi - y2T + (^i - Pi = (a^i, yi, -21)^2 = (2:2, 2/2, 22)- 
The associated electrostatic field {E^, Ey, E^) is defined by 

Ex = dxU, Ey = dyU, Ez ^ dzU 
and in this case we get the following Poisson equation 

dxE,. + dyEy + d,E, ^ ^ (3.11) 

when a density p is used and the electrical potential function has the corresponding 
integral form. 

Proof of the equation p.Sp for u defined in p.7p . Rewrite the potential function on 
the whole space 

uix,y,z) ^ fff , ^ dadbdc (3.12) 

JJJ ^J{x~af + {y-bY + (z-cY 

and making a translation of coordinates a — x = S,, b — y = rj, c — z = r, we get 

u{x,y,z) = JJJ y^2 ^ ^2 _^ ^ d^dr]dT (3.13) 

where the integral is singular and ^ = ?7 = T = 0is the singular point. The integral 
in p.l3p is uniformly convergent with respect to the parameters (x, y, z) because the 
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function under integral has an integrable upper bound . ^ , where p* = maxlpl. 

In this respect, we notice that if {x, y, z) E -6(0, R) C R^ then B{Q, 2R) can be taken 
as a domain D where the integration of (|3.13p is performed, (see S^'^+rf+r'^ ^ (2i?)^). 
Taking a standard coordinates transformation (spherical coordinates) 

^ = r cos if sin -0, t] ~ r sin tp sin -0, a ~ r cos -0, ^ tp ^ 2tt, O^0^7r, O^r^ 2R 

we rewrite p.l3p on D = -6(0, 2R) as follows 



where 



and 



2-R ^2 /-TT I-2R 

siml!dil!).2TT = An I rdr 



det I duTj I = ^r''' sinip{v = (r, 0)) are used 

In addition by formal derivation of p.l3p with respect to(x, y, z) we get the following 
uniformly convergent integrals 

d.u = f f f MPi^±M±^^d±^d^dvda 

JJJ ^/e+^FT^ 

== [ f [ Mp(^±M±Jtll±^d^dr,da (3.15) 

JJJ ^/e + + 

Using p{x + (_,y + r], z + a) = on the sphere + if + = {2Rf and 

we get 
provided 

jj \-^^i^^'n^<^)]<i£,drida = ^ [0(6,»7i,ct) - (j){£,i,rii,a)]df]da 

D Dl 

is used where 

6 = +^{2R^)-v^~a\ a = -V'(2i?2)-,f 

and 0(a, ry, cr) = i G {1, 2}. The integral p.l6p is uniformly convergent with respect 
to(a;,y, z) G D{0,R) and noticing . ^ ^ 1, we get the following integrable 
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upper bound 

D 

which proves that p.l6p is vahd. Similar arguments are used to show that dyU and 
dzU exist fulfining 

dyU = // np^^t^y^^d^dvda 



Applying dx to (dxu) in (|3.16p .5„ to dyU and 9^ to (dzu) in (I3.18P we get convergent 
integrals 

D 

= JJJ (^2+^2+^2)3\2 ^»)[p(a^, ^, y, ?7, 2: + a)]d^drida (3 ^g) 

= /// (f2 ,„2+^2)3\2 ^^[p(a;, y:V,z + a)]d^drjda 

D 

where ds[p{x + + r], z + cr)]{s € ^,ri,a) is a continuous and bounded function 
on D(sec p is first order continuously differentiable on D) using p.l9p we get the 
expression of the laplacian 



Au = dlu + df.u + d'fu 



III -"^+""-g;;'2t.t^,^+''-'+'^" rfgd.?da 

D 

where 5^ is a sphere with radius 
and 

drP =< (d^p, drjp, dap), (-, -, -) > 

r r r 

Here each ry, a) € 5^ can be represented as 

{^,V,<^) = «o,?''?o,''0'o) 

where 



(3.20) 
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and using dSr ~ r^dSi we rewrite p.20p as follows 



Au < 



= la^il I 9r[pix + ^or, y + ??or, z + aor)]dr}dSi 

Si 

= JJ[p{x + 2Ria,y + 2Rr]o, z + 2Rao) - p{x,y, z)]dSi 

Si 

- 11 P{^^ z)dSi ^ -47rp(a;, y, z) 

Si 



(3.21) 



It shows that the equality p.Sp (Poisson equation) is for any (x, y, z) £ -8(0, R) where 
i? > was arbitrarily fixed and the proof is eomplete. □ 

We conclude this introduction by showing that the potential function u(x, y, z) defined 
in (|3.7p satisfied the following asymptotic behaviour 



lim u{x,y, z) = 0, or lim + j/^ + z^u(x, y, z) = 



p{a,b,c)dadbdc (3.22) 



In this respect , denote Q — {x,y, z) , P ~ (a, b, c), dv = dadbdc and rewrite equation 
([3:221) as follows 



uiQ) 



lim r(0,Q)u(Q) = lim 

r(0,Q)^tx> r{0,Q)^ 



MI 



p{P)dv 



[1 



r{0,Q) J 



jjj p{P)dv (3.23) 



Here we notice that a = ^(o Q^*^^ satisfies \ a \< 1 , jl - a) = 1 + a + a'^+, . . . 
and I r(0, Q) - r{P, Q) |«; r(0, P) leads us to ([3:231) and ([3:221) are valid. We conclude 
the above given considerations by 



Theorem 3.2.1. Let p(x,y,z) : MP ^ IS. be a continuously differentiate function 
in a open neighborhood V{xQ,yQ^ZQ) C M'^ and vanishing outside of the fixed ball 
B{0,L) C R^. Then 

, , [[[ p(a,b,c)dadbdc „ , n ^-i 

JJJ riP^PiaM) -^=(---^--)^^^ 

satisfies the following Poisson equations 

Auix, y, z) = {dl +dl + d^Hx, y, z) = -4^p(x, y, z) (3.24) 
for any (x, y, z) £ V{xQ,ya, zq), Au(a;, y, z) = V (x, y, z) not in B{0, L). In addition 



lim u{x^y, z) ^ (or lim ru{x^y, z)) ~ / // p{a,b,c)dadbdc (3.25) 

r— ^oo r— >oo JJJ 

Remark 3.2.2. The result in Theorem \3.2.1\ holds true when replacing with 
R"(n 5^ 3) and if it is the case then the corresponding newtonian potential function 
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is given by 

n times 

where p{y) : R" — > R is a continuously differ entiahle function vanishing outside of the 
hall B{0,L) C R" and r =| a; — y |= ~ DiY)"^ ■ '^^^ corresponding Poisson 

equation is given by 

n 

dfuix) ~ Au(x) = p(x){—<j\) Vx G R", where ai = measS'(0, 1) 



3.3 Exercises 



Using the same algorithm as in Theorem 13 . 2.11 prove that the corresponding potential 
function(logarithm)in R^ is given by 

uix.y) ~ 11 p(a,b)Un 7-}dadb 

and satisfies the following Poisson equation 

Auix,y) = {dl + dl)uix,y) ^ -2TTp{x,y), V(.T,y) € V{xo,yo) 

Here p : R^ — > R is first order continuously differentiable in the open neighborhood 
V{xo, yo) ^ and vanishes out side of the disk B{0,L) C R^. By a direct computa- 
tion show that the following Lapace equation 

n 

Au{x) = J2 dfuix) = Va; e R", {n ^ 3), x^O 

i=l 

is valid, where 

/ \ 1 2\i / Na2 / \ d'^u{x) 

"(^) = (Z^a^J^ X = {xi,...xn)d,u[x) = 



3.4 Maximum Principle for Harmonic Functions 



Any solution of the Lapace equation Au(x, y, = will be called harmonic function 
Mziximum principle 

A harmonic function u(x,y, z) which is continuous in a bounded closed domain G = 
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Gur and admitting second order continuous partial derivatives in the open set G C M'^ 
satisfy 

niax_u(a;, y, z) = max u{x,y,z)and min y, z) = min u(x,y^z) 

{x,y,z)eG (x,y,z)£V (x,y,z)&G (x,y,z)£T 

where F = dG ( boundary of G ) 



Proof. Denote m = max{M(x, y, z) : {x,y,z) € F} and assume that max{u(a;, y, z) : 
{x,y,z) G G} = M = u{xo,yo, zq) > m, where {xo,yo,zo) g G. Define the auxiliary 
function 

i^ix, y, z) = u{x, y, z) + —^^[{^ - ^o)'^ + iv - Vof + {z ~ z^f] 

and 

d = max{r(P, Q) : P, Q £ G} and r(P, Q) ^ P - Q \ 
(distance between two points). By definition, 

''^(^',^'0) = [x-XqY + {y-yof + {z- ZQf,{P = {x,y,z),Po = {xo,yo,Zo)) 

and using r^(P, Pq) ^ 
we get 

, ^ M -m M + m ^ ^ 
v[x, y, z) ^ m H = , V (x, y, z) e F 

On the other hand, v{xQ,yQ^ zq) = u{xo,yoT zq) — ^-nd it implies max{i/(x, y, z) : 
{x, y, z) G G} = V{P) is achieved in the open set P G G. As a consequence 

dxi'{x,y,z) = 0, dyi'{x,y,z) = 0, d^v{x,y,z), dliy{x,y,z) < 

dyi^{x,y,z) < and dliy{x,y,z) ^ 

where P = (x, y, z) . In addition 

Au(P) < and Au(P) = Au{P) + M^[Ar\P, Po)]p=p = ^^^^(2 + 2 + 2) > 
which is a contradiction. Therefore 

y, z) ^ m = max{u(a:, y, z) : (a;, y, z) e F}, V (x, y, z) G G 
To prove the inequality 

y, z) ^ min{it(a:, y, z) : (x, y, z) G F}, V (x, y, z) G G 

we apply the above given result to {— y, z)}. The proof is complete. □ 

Remark 3.4.1. With the same proof we get that a harmonic function in the plane 
dlu{x, y) + dlu{x, y) = 0(a;, y) G C 
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which is continuous on 

D = D UdD satisfy 
max{u{x,y) : (x,y) G D} = max{u{x,y) : {x,y) G dD} 
min{u{x,y) : {x,y) G D} = min{u{x,y) : {x,y) G dD} 

Remark 3.4.2. The Poisson equation 

Au{x, y, z) = -47rp(x, y, z) (3.26) 

has a unique solution under the restriction. 

lim u{x, y, z) — where p{x, y, z) : M.^ ^ M. 

r— ^C30 

is a continuous function. Consider that ui,U2 are solutions of the Poisson equation 
((3:261) fulfilling 

lim Ui{x, y, z) = 0,i G {1, 2} 
Then u = ui — U2 satisfies l!^u[x, y,z) = for any [x, y, z) € R"^ and lim u{x, y, z) = 

r— f oo 

0. In particular, {u(x,y,z) : {x,y,z) g B{0,R) C R'^} satisfies, maximum principle, 
where B{0,R) = GandT = {{x,y,z) £ R^ : x'^+y^+z^ = i?^}. We get u{xo,yo, zq) ^ 
max{u{x, y, z) : {x, y, z) g F} and u{xQ,yQ, Zq) ^ min{u{x, y, z) : (x, y, z) g F} for any 
(s^Oi 2/Oj Zq) € int B(0, R). In particular, for {xq, yo, zq) £ int B{0, R) fixed and passing 
R ^ oo we get u{xo,ya, zq) = and ui{x, y, z) = U2(x, y, z) for any {x, y, z) £ R'^. 



3.4.1 The Wave Equation; Kirchhoff, D'Alembert and 
Poisson Formulas 

Consider the waves equation 

dMt,x,y,z) = C^idlu + dlu + d^,u)it,x,y,z) (3.27) 

for (a;, y, z) e D(domain) C R^ and initial condition 

u{Q,x,y,z) = ito(0,x,2/, z), dtu{Q,x,y,z) = ui{x,y,z) (3.28) 

The integral representation of the solution satisfying (|3.27p and (|3.28p is called Kirch- 
hoff formula. In particular, for 1- dimensional case the equation and initial conditions 
are described by 

d^u{t,x) = C^dlu{t,x),u{0,x) = uo{x),dtu{0,x) = ui{x) (3.29) 

and d'Alembert formula gives the following representation 

/, N uo{x + cot) + uo{x - cot) 1 

u(t,x) = + 7;— ui{a)da (3.30) 

2 2co Jx-cot 
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In this simplest case, the equation p.29p is decomposed as follows 

{dt + Cf)dx){dt - CQdx)u{t, x)=Q (3.31) 

and find the general solution of the linear first order equation 

dtv{t, x) + coda^vit, x)=Q (3.32) 

By a direct computation we get 

v{t, x) = vq{x - cot), (t, x) e M X K (3.33) 

where t'o(A) : R — >■ R is an arbitrary first order continuously differentiable function. 
Then solve the following equation 



dtu{t, x) — codxu{t, x) = vo{x — cot) 
it(0, x) — uo(x), dtu(0, x) = ui{x) 



(3.34) 



From the equation u(0, x) = uo{x), dtu{0, x) = ui{x) we find such that 

ui{x) — CQdxUo{x) = vq{x), a; S R (3.35) 

and using the characteristic system associated with (|3.34p we obtain 

t 

u{t,x) = uq{x + Cot) + J i'o{x + Cot — 2cos)ds (3.36) 



Using (|3.35p into (|3.34p we get the corresponding D'Alcmbcrt formula 

x-\-cot 

/, N uo{x + xot) + uo{x - Cot) 1 f 

u{t,x)^ h— / ui[a)da (3.37) 

2 2co J 

x — cot 

given in p.30p In the two-dimensional case {x, y) E we recall that the Poisson 
formula is expressed as follows 

uit,x,y) = ^[^.(/7/°^" + ^;Xr'',"^^P^V^) 
27rco J J Jch^ - p2 



27T Cot 

+ (//,!^i(^i±™i±^,,,^)] (3.38) 

The general case ,{x,y,z) e M.^, will be treated reducing the equation p.27p to an 
wave equation analyzed in the one-dimensional case provided adequate coordinate 
transformations are used. In this respect, for a Po ~ {xo,yo, zq) G D fixed and 
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B{Pq, r) C D we define (u is the mean value of u on 5^) 

"('''^)""^~2 J J u{t,x,y,z)dSr ^ ^ J J u{t,x,y,z)dSi (3.39) 

where 5,- = dB{PQ,r) is the boundary of the ball B{PQ,r), and dSr = r^dSi is 
used. The integral in p.39p can be computed as a two dimensional integral provided 
we notice that each (x,y, z) S Sr can be written as 

{x, y, z) = {xo + ar, yQ + jSr, zq + jr) = Pq + rw (3.40) 

where (a, /?, 7) = w arc the following 

a = sinOcosLp ^ 6 ^ tt 

(3 = .sinOsinip ^ </? ^ tt (3.41) 

7 = COS0 

Here dSr = r^sinOdipdO and rewrite p.39p using a two dimensional integral 

27r 7r 

u(r, = J- y" y" -fo + rw)sined(pde (3.42) 


assuming w = (a, /3, 7) given in p.42p .The explicit expression oiu{r,t) in (14) will 
be deduced taking into consideration the corresponding wave equation satisfied by 
M(r, t) when u(i, x, y, z) is a solution of p.27p . In this respect, integrate in both sides 
of (|3.27p using the three dimensional domain Dr = i?(Poj J'), = (2^0, 2/o, -^o), and 
the spherical transformation of the coordinates (x,?/, z) 

[x, y, z) = {xq + pa, yo + p/3 + Zq + p'j) = Pq + (3.43) 

where s$ p ^ r and a{9,ip), I3{0,ip),'^{9) satisfy ((3^ . We get 

r 

d^u{t, X, y, z)dxdydz ^ JiJJ 9tu{t, Pq + puj)p^dSi)dp (3.44) 

Si 

where dSi — sinOdOdip and Si ~ S{Po, 1) is the sphere centered at Pq. Denote A ~ 
d^ + dy + &l and for the integral in the right hand side we apply Gauss-Ostrogradsky 
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formula. We get 

Cg jjj Au{t, x,y, z)dxdydz = Cq JJ [adxu{t, Po + roj) 

+ l3dyu{t, Po + ruj) + -id^u{t, Pq + ru})]dSr 
= Cl J J {dr[u{t, Po + rLj)ydSi} 

Si 

= Cydrl J I u{t, Pa + ru;)dSi] (3.45) 

Si 

where (a, P,^) = u are the coordinates of the unit outside normal vector at Sr- Using 
(P^Mj) we rewrite (P^iS)) as 

Cl jjj ^u{t, X, y, z)dxdydz = C^r^ (47r)9^u(r, t) (3.46) 

In addition, notice that p.44p can be written as 

d'^u{t, Pq + pu)dxdydz ^ j [d^ jjj u{t, Pq + puj)dSi]dp 

4'Kp^dtu{p,t)dp (3.47) 
and deriving with respect to r in p.46|) and p.47p we obtain 

dMr, t) = -^dr [r^dru{r, t)] (3.48) 

Denote u(r, t) = ru(r, t) and using p.48p compute 

{= rdju{r, t) 
= Cl[2dru{r,t)+rdMr,t)] 

Notice that 

a^l(r, t) = 2dru{r, t) + rdlu{r, t) (3.50) 
and rewrite p.49p as follows 

d'iM{r, t) = Cga^l(r, <), r ^ (3.51) 

where m satisfies the boundary condition 

l(0,t)=0 (3.52) 
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Extend u(r, t)for r < Oby u{—r,t) = —u{r,t) where r ^ 0. In addition, the initial 
conditions for u(r, t) are the foUowing 



u{r, 0) = ru{r, 0) ^ ^ JJ uo{x, y, z)dSr 

dt^r,0) = ^JJu^{x,y,z)dSr ^^'^^^ 



The solution {u{r,t)} fulfilling p.5ip )and p.53p are expressed using Poisson formula 
(see (|330ll ) 

u{r,t) = ^ + — I ^{a)da (3.54) 

where 



2Co Jx-Co 



Vii) - "(e, 0)^^JJ M^, V. z)dS^ (3.55) 



and 



m = dtu{^,Q) = ^ll u„{x,y,z)dS^ 



(3.56) 



Si 



Using p.SSp and p.56p we get the Kirchhoff formula for the solution of the wave 
equation p.27p satisfying Cauchy conditions p.28p and it can be expressed as follows 

u{t,Pa) = jj uo{x,y,z)dSr\r=Cat + [^^ JJ ui{x,y,z)dSr]r=Cot 

' ^ (ttz ff uo(x,y,z)dS) + [[ ui{x,y,z)dS]{'i.b7) 



inCo dr^Cot J J ' ^ Cot 



27T />7r 

2, 



where 



uo{x,y,z)dS= / / u{Po + {Cot)uj){Cotysin9d9dip 
Jo Jo 

SootiPo) 

and u! = {a, (3, 7) is defined in p.4ip . Passing Pq ^ P ~ {x, y, z) in the Kirchhoff for- 
mula p.57p we get the integral representation of a Cauchy problem solution satisfying 
(I5:?7l) and (IX^ 

M(t,x,y,z) = ^-^[^(^ JJ uoix,y,z)dS) + -^ JJ ui{x,y,z)dS] 
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where the integral in p.58p is computed as follows 

^271 /.TT 



1 

Saot(Po) 



r-ZTV r-TT 

u{^,ri,a)dS = Cot / u{x + {Cot)a, y+{Cot)l3, z+{Cot)'y)sinededip (3.59) 
Jo Jo 



a = sindcosLp ^ 6 ^ n 
and {a, /3, 7) are defined in p.4ip ^ /3 = sinOsintp ^ ip ^ 2n 

7 = cos9 

Proposition 3.4.3. Assume that uo,Wi G C'^{M!^) are given. Then {u{t,x,y, z) : t £ 
z) G M^} defined in p.58p is a solution of the hyperbolic equation p.27p 
satisfying the Cauchy condition p.28p . 



Proof. Notice that if u{t, x, y, z) satisfies the wave equation (j3.27p then x, y, z) = 
dtu(t, x,y^ z) verifies also the wave equation (|3.27p . It allows us to get the conclusion 
and it is enough to prove that 



u{t,x,y,z) ^ Cot / u{x + {CQt)a,y + {Cot)l3,z + {Cot)-f)sin0d0dip (3.60) 
^0 Jo 

fulfils the wave equation p.27p .In this respect, using p.60p . compute the correspond- 
ing derivatives involved in equation (j3.27p and we get 



t 

u 1 

7 + 7 



dtu = ^ + {Cot)dt / u{x+{Cot)a,y + {Cot)l3,z + {CQt)-f)sin6 
'0 Jo 

{d^u)a + [d^u)P + {da)jCot^sinededip (3.61) 



^0 



Notice that {a,f3,j) = n represent the unit vector oriented outside of the sphere 
Sco and dS = (Cot)'^ sind d6 dip we rewrite p.6ip 

^ u I , , 

dtu = - + - (3.62) 

where 

{d^u)a + {d^u)l3 + {d„)-iClt^ sinOdOdip 

Jo 
on 

Scat 

[dlu + d^u + dlu)d^dr]da (3.63) 

B(x,y,z-Cot) 



is written using Gauss-Ostrogrodsky formula, and B{x, y, z; Cot) is the ball in M.^ 
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centered at P = {x, y, z). From p.62p . deriving again we get 

^2 ^ _Qu -—u+ -dtl - =-(- + -)- ^ - ^ + -dtl = -dtl (3.64) 

On the other hand, using p.63p and applying the spherical coordinate transformation 
in the three-dimensional integral we get 

dj = Co J J {x, y, z){dlu + d^u + dlu)ds (3.65) 

SCgt 



and p.64p becomes 



5^ = ^ jj iAu){^,r^,a)dS (3.66) 



Denote Au(t, x, y, z) = {d'^u + dyU + d^_u){t, x, y, z) and a direct computation applied 
in (|3.60l) allows to get 



Au{t,x,y,z) = j^.^ jj {Au)i^,7j,a)dS (3.67) 



and each term entering in the definition (|3.58p will satisfy the wave equation p.27p . 
In addition, using (|3.59p . we see easily that the Cauchy condition given in p.28p are 
satisfied by the function u(t, x, y, z) defined in p.58p . The proof is complete. □ 



3.5 Exercises 



(ai) consider the wave equation in plane 

dfu{t,x,y) = cl[d'^u{t,x,y)+dyU{t,x,y)],u{0,x,y) = yo{x,y), dtu{0,x,y) = ui{x,y) 



Find the integral representation of its solution. (Poisson formula see ^ 



Hint. It will be deduced from the KirchhofF formula (see proposition 1) considering 
that the variable z does not appear. We get 

1 r / Z"^'' f^°* p \ 
u{t,x,y) = — — dt[ I / uq{x + pcos0, y + psm(j)))dpd(l) 

ZttCo L V Jo Jo V ^o* - P ' 

ui{x + pcos(/), y + psin(j))dpd(j)] (3.68) 



VW^' 



108 CHAPTER 3. SECOND ORDER PDE 

In the KirchhofF formula fsee p.SSp ) the function 77) does not depend on a and a 
direct computation gives the following 

(6'e [O,7r],0e [0,27r]) 



E = / u{x + {Cot)sinOcos(f)^y + {Cot)sin6sin(j)){CQt^)sin0d6d(f) 

Jq Jo 

u{){C^t^)sin9d9d(t) + / / uQC^fsinS 
Jo Jo 

2j.2\ 



= 2 / u{x,cotsin0cos(j),y + {cot)sin6sin(j)){CQt )sin 

Jo Jo 

Change the coordinate p = {Cot)sind and get dp = {Cot)cos9d9 for ^ 6* ^ |- where 



We get 



^2ir .Cot p 

E = 2 / —===u{x + pcosip, y + psintf)dpd(j) 
Jo Jo V ^ P 



and Kirchhoff's formula becomes Poison formula given in p.68p . 
(02) Prove that the solution of the non homogeneous waves equation. 

dfu ~ Cl {dlu + dlv + dlu) = fix, y, z, t) 
u(0, X, y, z) = dtu{0, x, y,z) = 

is presented by the following formula. 



(3.69) 



1 



j{^,v,<^,t- —„ ) 



B{x,y,z;Cot) 

solution. 

3 J 

Denote p = {x,y,z),q= -q, a) and \ P - q\= VlliVi - (liY] B{p, Cat) is the ball 

i=l 

centered at p with radius CqI. To get p.TOp as a solution of p.69p we use the solution 
of the following homogeneous equation 

dfv = cl/\v,v\t=a = VQ{p),dtv\t=c, = fip,o-) = (3-71) 

where the initial moment t ~ a{replacing i = 0) is a parameter. Recall the KirchhofF 
formula for the solution satisfying p.7ip 

Sr[P) Sr{P) 
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where r = Cot and dSr = r^dSi = sin9d9dtp ioi'9 £ [0, 27r], where 5*1 is the unit 
sphere. Making use of the spherical coordinates transformation 

q ^ p + rcj, uj — [sinOcosif, .sinOsimp, cosO), r = Cot (3.73) 

we rewrite p.72|) as follows 

^{t.p)^^dt[t jj vo(j, + ruj)dS{\ + -^ jj lyiip + ruj)dSi (3.74) 

Si(P) Si(P) 

where dSi = sin6 dO dip. Using the Cauchy conditions of (|3.7ip from (|3.74p we get 
i^{t,p;a) ^^-^ JJ /(p + Co(t-cr)a;;CT)dS'i, Os^CTS^t (3.75) 

Si{P) 

where t — a representing t and i^\t=cr ~ are used. Wc shall show that u{t,p) defined 
by (Duhamel integral) 

u{t,p) ~ / i^{t,p; a) da (3.76) 
Jo 

is a solution of the wave equation (|3.69p . The initial conditions u{Q,p) = = 
dtu(0,p)8LTC easily verified by direct inspection. Computing lapacian operator Ap = 
+ dy + &l applied in both sides of (|3.76p wc obtain 

Apu{t,p) = I Apv{t,p; a) da (3.77) 
Notice that applied in (|3.76p lead us to 



dtu{t,p) = v{t,p;a)^=t + Jq dti^{t,p; cr) da 
dfu{t,p) = dtv{t,p\a)a=t + /o d'^iy{t,p;a)da 
= f{p,t) + Co/o Apiy{t,p;a)da 
I = f{p,t) + ClApu{t,p) 



(3.78) 



and {u(t,p)} defined in (|3.76[) verifies the wave equation (|3.69|) . Using p.75p we 
rewrite (|3.76p as in conclusion (|3.70|) . In this respect, substituting p.75p into (|3.76p 
we get following formula (dSi = sinO d9 dip) 



1 







u{t,p-a) = —l {t-a)[ll f{p + Ca{t-a)Lj;a)dSi]da (3.79) 



Making a change of variables Co{t — a) = r, we get 



2^ rCot p'Ztt r-K ^ 



= :r-7^ / / / fip + ruj,t- —)rsinededpdr (3.80) 
47rCo Jo Jo Jo L-o 
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and noticing that r=— , |a;p=lwe rewrite (|3.80p as follows 



B{p,Cot) 

and the proof is complete. □ 



3.5.1 System of Hyperbolic and Elliptic Equations(Definition) 
Definition 3.5.1. A first order system of n equations 

m 

Aodtu + t)d,u = f{x, y, u), ueR",x eR"^ (3.82) 

is t-hyperbolic if the corresponding characteristic equation det \ \ aAQ{x,t) + 
^^i£,Ai(x,t) 11= o has n real distinct roots for the variable a at each point {t,x) G 
[0,T] X D, DC i?™, for any ^ S i?™, ^ ^ 0. There is a particular first order system 
for which a verification of this property is simple 

Definition 3.5.2. The first order system p.82p is symmetric t- hyperbolic (defined by 
Friedreichjif all matrices Aj{x,t)j G 0, 1, ...,m are symmetric and AQ{x,t) is strictly 
positive definite in the domain {t, x) G [0, T] x D 

Definition 3.5.3. The first order system (|3.82p is called elliptic if the corresponding 
characteristic equation det || (TAo{x,t) + l!= has no real solution (cr, ^) € 

(a,e)^0,V(.T,i)eZ?x [0,T]. 

Example 3.5.1. In the case of a second order PDE 

a{x,t)dtU + 2b{x,t)d^t^x)U + c{x,t)diu + d{x,t)dtu + e{x,t)dxU = f{x,t,u),x G R (3.83) 

We get the following characteristic equation 

a{x, t)a^ + 2b{t, x)a(, + c{t, a;)^^ = q (3.84) 



Hint Using a standard procedure we rewrite the scalar equation (|3.83p as an evolution 
system for the unknown vector ui(i,x) = dxu(t,x), U2(t,x) = dtu{t, x),U3{t, x) = 
u{t, x). We get 

dtui = dxU2 

a{x, t)dtU2 = -2b{x, t)dxU2 - c{x, t)dxUi + /i(x, t, ui,U2, u^) (3.85) 
5(U3 = U2 , < G M, X G M 

where/i(x, t, ui,U2, U3) = /(x, t, U3) — e{x, t)ui — d{x, t)u2- The system (|3.85p can be 
written as p.82p using the following (3 x 3) matrices 
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/100\ /O -10\ 

Aoix,t) = i a{x,t) ,Ao(2;,t)= c{x,t) 2b{x,t) 

\ooiy \0 00/ 

Compute 



det\\aAa[x,t)+S,Ai[x,t)\\ = det \ ^.c aa + 2h^ 

\ a ) 

= (T[a{x, t)a^ + 26(.T, t)a^ + c{x, t)^'^] 
and the characteristic equation p.84p is obtained. 



3.6 Adjoint Second Order Differential Operator; Rie- 
mann and Green Formulas 



We consider the following linear second order differential operator 

n n n 

Lv = Y^'Y^A,jd}^v^^B,d^v^Cv (3.86) 

i=\ j = l i=l 

where the coefficients Aij, Bi, andC are second order continuously differentiable 

scalar functions of the variable x = {xi,...,Xn) G K" and diV ^ df^v — g§-^. 

Without restricting generality we may assume that Aij ~ Aij{seeAij ^(^y 
and define the adjoint operator associated with L{L°° = M) 

n n 

= E E - E ^^(^'^) + (3-87) 

1=1 j=l i=l 

By a direct computation we convince ourselves that the following formula is valid 

n 

j/L„-MM:/ = ^5,Pi, u,:/eC2(R") (3.88) 
1=1 

where 

n 

Pj = '^[lyAijdjU - udj{A.iji')] + Biuv 

3=i 
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In this respect notice that 



n 



n n n 



i=l 



z— 1 j — 1 i—1 



n n n 



i— 1 J — 1 i—l 



where the last term is vanishing. 



3.6.1 Green Formula and Applications 



Consider a bounded domain C R"and assume that its boundary S = Sfi can be 
expressed using piecewise first order continuously differentiable functions. Then using 
Gauss-Ostrogradsky formula associated with p.88p we get 



(Green formula) where cosnxi, i G {1, ...,n}, are the coordinates of the unit orthog- 
onal vector ~rt at S oriented outside of S. 



3 

Example 3.6.1. Assume Lu = Au = ^ dfu(laplacian) associate the adjoint Mv — 

i=l 

Av (laplacian) and Pi = vdiU — udiv, P2 ~ vd2U — ud2i', P3 — vd^u — ud^u satisfying 
p.88p . Applying (|3.89l) we get the Green formula for Laplace operator. 




(3.89) 




(3.90) 



s 



Where f^(f^) stands for the derivative in direction of the vector 




3 



i=l 



3.6. ADJOINT 2ND ORDER OPERATOR;GREEN FORMULAS 113 
Example 3.6.2. Consider 

L = d^yii + a{x, y)dxU + y)dyU + c{x, y)u 

and define 

Mv = d^yV — dx{au) — dy{bu) + cu, Pi — -{vdyU — udyv) + auv 



Pi = —{vdxU — udxv) + buv 
The corresponding Green formula lead us to 

V Lu — uM,v\dxdy = j {[-{vdyU — udyi^) (3.91) 

Js 2 

= au i']cos{n, x) + [—{vdxU — udxv) + au v\cos{n^ v)}ds 



3.6.2 Applications of Riemann Function 



Using (|3.91|) we will find the Cauchy problem solution associated with the equation 

Lu = F (3.92) 

and the initial conditions 

u\y=,j.{x) = fo{x), dy u\y = fi{x) = (pi{x), X e [a, b] (3.93) 

Here the curve {y = y{x)} is first order continuously difi^crentiable satisfying ^^^j^ < 
, a: G [a,b]. The algorithm belongs to Riemann and using p.93p we find dx u\y=i_i{x) 
as follows. By direct derivation of it|y=/^(2;) = '^'0(2;), we get 

^{X) =dxU{x,n{x))+dyU{x,n{x))^^ ^g g^X 

dxu{x,n{x)) = (j)'f){x) - (fi{x)n'{x) 

Rewrite the Green formula (|3.9ip using a domain 17 C as follows, where A and B 
are located on the curve y = fi{x) intersected with the coordinates lines of the fixed 
point P = (xo, j/o)- Applying the corresponding Green formula ()3.9ip on the domain 
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PAB (triangle) we get 

[vLu — uMv)dxdy ^ / [-z{vdyU — udyv) + auv\dy 

J A 2 

^ 1 

[—{ydxU ~ udxv) + huv\dx 
A 2 

P 1 



+ / [—(vdyU~udyv)+auv\dy 



+ / [—{vdxU—udxv)-\-auv\dx (3.95) 



A 



Where dy = cos{n,x)dS and dx = —cos(n,y)dS and considering that dS is a 
positive measure. Rewrite the last two integrals from p.QSp 

/ [—{i^dyU — udyv) + auvjdy — xWi^ls + / {—udyv)+auv\dy 
Jb ^ ^ Jb 

fP 



2 
and 



l:uiy\g + I u{—dyv) + av]dy (3.96) 



B 



f I If 

/ [—{i'dxU — udxv)+aui>]dx=—ui'\^+ / u{—dxi')+bi']dx (3.97) 

these formulas lead us to the solution provided the following Riemann function u{x, y]Xo, 
is used 

ry 

Mv = O,v\a:=xo 'i^P a{xo,a)da, v\y^yg = ejcp b{a,yo)da (3.98) 



From p.98p we see easily that 



v{xo,yo;xo,yo) ^ I and dyv\x=xo ^ a{xo,y)v\x=xo, 

dxV\y=yo = b{x,yo)iy\y=yo 



(3.99) 



Using ^3M\i and (|3J9l) into (|3J5l) we get 

i/(x, y; xo, yo)F{x, y)dxdy = {uv){P) + T + / = w(xo, yo) + T + / (3.100) 



where 



T = + j [-{vdyU — udyv) + auv\dy — / [-(i^9a;U — uSa^i^) + 6u I'Jdx (3.101) 
A 2 2 
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and 

I = -7:[iu'^){B) + iui')iA)]+ [ u{-dyv)+av]dy+ I u{- d. ^v) + bv\dx {^.1^2) 
2 Jb J a 

Notice that the integral in p.l02p are vanishing provided that the initial conditions 
p.99p are used for Riemann function u (see p.98p and p.99p ) and the equation p.lOOp 
is written as 

u{xf,,yo) = huv){B) + {uv){A) - T + [[ vF{x,y)dxdy (3.103) 



where V is defined in (|3.10ip . The Cauchy problem solution defined in p.92[) and 
p.93p has a more explicit expression if the Cauchy conditions are vanishing and it 
can be achieved by modifying the right hand side F as follows 

Fi{x,y) = F{x,y) - ip[{x) - a{x,y){ipQ{x) + [y - iy{x)]ip[{x) - i^' {x)(pi{x)} 

= b{x,y)'Pi{x) ~ c{x,y){ipo{x) + {y - fi{x))(pi{x)} (3.104) 

Theorem 3.6.1. The Cauchy problem solution defined in p.92p and (j3.93p is given 
by 



u{xo,yo) ^ // iy{x,y]Xo,yo)Fi{x,y)dxdy 



where v is the corresponding Riemann function defined in p.98p and p.99p and Fi 
is (PJIM)) . 



Remark 3.6.2. In the case we consider a rectangle PASB = VI and look for a Cauchy 
problem solution 

Lu = F (where L and F are defined in p.92p ) (3.105) 

u\x=xi = <l)i{y),u\y=y^ = (l)2{x),S = (xi,yi) (3.106) 
then Green formula lead as to the following solution 

u{xo,ya) ^ u\p ^ uv\s + I i^{(p2+b(p2)dx+ / iy{(p[ + aipi)dy + // v F{x,y)dxdy 



(3.107) 

where i>{x,y;xo,yo) is associated Riemann function satisfying p.98p and p.99p . Let 
u{x,y;xi,yi) be the Riemann function for the adjoint equation Mv ~ satisfying 

X y 
Lu ^ 0,u\y^y-^ = exp J b{cri,yi)dcr,u\x — xi ~ exp J a{xi,a)d(T (3.108) 

xi VI 

In this particular case , the corresponding solution u verify p.lOSp and p.l06p with 
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-F = 0, + bijip2 ~ ip[aipi = 0, and the representation formula p.l07|) becomes 

u{xo,yo,xi,yi) = i^{xi,yi,xo,yo){see u{S) = u{xi,yi;xi,yi) = 1) (3.109) 

The equation (|3.109|) tell us that the Riemann function is symmetric: if u{xo,yQ^yi; 
^ItVi) is the Riemann function for(xo,yo) G satisfying {L u){xo,yo) = and initial 
condition given at x = xi,y = j/i then u{xo,yo'T xi,yi) as a function of {{xi,yi) 
verifies the adjoint equation Mv = 0. 

Remark 3.6.3. The equation ()3.104p reflects the continuous dependence of a solution 
for the Cauchy problem defined in (j3.92p and p.93|) with respect to the right hand 
side F and initial conditions ipQ,ipi restricted to the triangle PAB. A solution is 
determined inside of this triangle using the fixed F^ipQ,ipi and the curve y = ^(x) 
and outside of this triangle. We may get different solutions according to the modified 
initial conditions prescribed outside of this triangle. 

Remark 3.6.4. A unique solution (Riemann function) verifying the Cauchy problem 
defined in (j3.108p can be obtained directly using the standard method of approximation 
for a system of integral equations associated wz^/t (j3.98p . In the rectangle 
xq X a,yo y b. we are given iy\x=x„ = Viiy ),v\y=vo = ^2(2;) with ipiiya) = 
(P2{xq) and denote dxV = A, dyV = w. Rewrite p.98p as follows 

d\ dW , ~, , 

'dy ^ ^ ^' ^ 

where C{x,y) = —c{x,y) + dxa{x^y) + dyb{x,y) and we get a system of integral 
equations 

V _ 
\{x, y) = A(.T, yo) + / [<^{x^ a)\{x, a) + b{x, a)uj{x, a) + C(x, a)v{x, cr)]dcr 
yo 

X ^ 

w{x, y) = w{xo, y) + J [a{x, a)X{x, a) + b{x, a)u!{x, a) + C{x, a)v{x, a)]da 

Xo 

v 

iy{x,y) = (p2{x) + J uj{x,ya)da 
yo 

where X{x,yo) = (p'^ix) ,w{xo,y) ^ (p'i{y). 

Example 3.6.3. (Green functions for Lapace operator) 

Let f2 g M'^ 6e a bounded domain whose boundary S = dil is represented by smooth 
functions. We are looking for a smooth function u : $7 — > R satisfying Poisson equation 

Au^ f{P), P en{ A-Laplace operator) (3.110) 

and one of the following boundary conditions 

u\s = Fa{S) {Dirichlet problem) (3.111) 

dvL 

— Is = Fi{S) (Neumann problem) (3.112) 
an 
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It is known that Laplace operator is self adjoint and using Green formula 



(lyAu - uAiy)dn = f f (u^ - iy^)dS 
JJ dn dn 



(3.113) 



we see that a vanishing Dirichlet (Neumann) condition is self adjoint as the Green 
formula (j3.113p shows. 



3.6.3 Green function for Dirichlet problem 



Definition 1 

Let G{P, Pa), P, Pq E n,he a scalar function satisfying 



1. G(P, Pq) is a harmonic function (A G = 0) with respect to P E fl, P Pq 

2. G(P,Po)|p6S = 0, S ^dn 

3. G(P, Po) = ilf + 9iP, Po), where r = \P - Po\ 



and g is a second order continuously differentiable function of P e f2 verifying Ag = 

0, VP e n. 

A function G(P, Pq) fulfilling 1, 2 and 3 is called a Green function for Dirichlet problem 
(|3.110p . p.llip . The existence of a Green function satisfying 1 , 2 and 3 is analyzed 
in [2] (see [2] in references) 

Theorem 3.6.5. Assume that the Green function G{P, Pq) satisfying 1, 2 and 3 is 
found such that the normal derivative ^{s) of G at each s E S exists. Then the 
solution of Dirichlet problem (|3.110p -/- p.llip is represented by 

u{Po) - JJ Fois)^{s)ds - JJJ G{P, Po)f{P)dxdydz 
s n 



Proof. Take 6 > sufficiently small such that P(Po, S) C il and denote cr = 9P(Po, (5). 
Apply Green formula in the domain ft' = n \ B{Po,6). Let u{P), P € i7, be the solu- 
tion of the Dirichlet problem p.llOp + p.llip and denote i/(P) = G(P,Po), P G O'. 
Both functions u{P), v{P), P G ft' , are continuously differentiable and we get 

J JJJ G{P, Po)AudP ^ JJ {u^ - G^){s)ds (3.114) 

O' S' 

where S' = SUa = dn' 

Denote nthe orthogonal vector at the surface a = dB{PQ,5), \n\ = 1. oriented to the 
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center Pq and n' is the orthogonal vector at a oriented in the opposite direction of 
n. Using G\p^s = we get 

GiP,Po)md.dyd^ = JjMs)'^i^)ds^llliull^l'£)da 

S <y 

i^^-9^)d<y (3.115) 
on on 

Letting (S — > we get that the last integral in p.llSp is vanishing (see u, g are 
continuously differentiable with bounded erivatives) . In addition, the second integral 
in the right hand side of p.llSp will become. 

lim^ [ [ {u-^\- - -^)da = Urn [[ uda - Urn [ [ S^da ^ u{po) 
in J J dn r r dn An5^ J J 5^ in^ J J dn 

a a a 

(3.116) 

n{v^) = JJ Fo{s)^{s)ds - III G{p,po)f{p)dxdydz (3.117) 
s n 
and the proof is complete. □ 



Theorem 3.6.6. The function u(po),Po G ^ given in Theorem 1 3. 6. 51 is the solution 
of the Dirichlet problem p.llOp ^ p.llip . 



Proof. It is enough to prove the existence of the Dirichlet problem solution p.llOp + p.llip . 
Let (f be the newtonian potential with the density function/(p) on the domain 51, 

Vbo) = -^111 \f{p)dxdydz (3.118) 
n 

It is known that satisfies the following Poisson equation Sip = f. Define v ^ u — p 
and it has to satisfy 

r v\S ^ u\S - p = Fo{S) =v{s) 

I Ai.(P) = 0,Per!(i.(Po) = //«o(s)|gds) (3-119) 

The existence of the harmonic function v verifying (|3.119p determines the unknown 
was a solution of the Dirichlet problem p.llOp + p.llip . □ 
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3.7 Linear Parabolic Equations 



119 



The simplest linear parabolic equation is defined by the following heat equation 

dtu{t,x) = dlu{t,x), t>0,xeR (3.120) 
\iinu{t,x) = ip{x),x €R (3.121) 

(fi e Cb{R) is fixed. A solution is a eontinuous funetion u(t, a;); [0, oo) x E -> M which 
is second order continuously differentiable of x e M for each t > o and satisfying 
P.120p + p.l2ip for some fixed continuous and bounded function ip E Cb{R)- 



3.7.1 The Unique Solution of the Cauchy Problem fi:il2()D and 

(Eini) 



It is expressed as follows. 



oo 



uit,x) = ^ f p{^)e^p-i^-pld^ (3.122) 
Vint J 4i 



(Poisson formula for heat equation) Denote 



(y ^ X ) 

P{a, X, v)dy = {-/^y^cx^p - -i^- fora > 0, x,y eR (3.123) 

4(7 

By a direct computation we get the following equations 

P(cr, X, y)dy ~ landdaP{(j, x, y) — d^P{(T, x,y) =0 for any a > 0, x,y £ R 



R 



(3.124) 

The first equation of p.l24p is obtained using a change of variable |^ = z and 
j P{a,x,y)dy = J P{a,x,x + 2^/^z)dz = ^ J{exp-\z\^)dt = l (3.125) 

R R R 

where /(exp — t^)dt = \pK is used. In addition, the function P{a,x,y) defined in 
R 

(|XT^ fulfils the following. 

lim / ip{y)P{a,x,y)dy = (f{x), for eachx (zR (3.126) 
'^-^oJr 
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where ip e Cb{R) is fixed. Using p.l24p we see easily that {u{t,x) : t > 0, 2; G R} 
defined in (|3.122p satisfies heat equation p.l20p . provided we notice that 

u{t,x)= I (piC)P{t,x,C)d^,t>0,xeR (3.127) 
Jr 

and 



dtu{t,x)= Jj^^{OdtP{t,x,Od^, 
dlu{t,x)= S^^{OdlP{t,x,m. 

The property (|3.126|1 used for (|3.127p allows one to get p.l2ip . 



(3.128) 



Remark 3.7.1. The unique solution of the heat equation (|3.120p + (j3.12ip can he 

expressed by the formula p.l22p even if the continuous ip{x) : M — > M satisfies a 
polynomial growth condition 



\tp{x)\ !^cil + \x\"),yx eR (3.129) 

There is no change in proving that the unique Cauchy problem solution of the heat 
equation for a; € K. 

dtu{t, x) = u(t, a;), t > 0, X e R (3.130) 

n 

Urn u{t, x) = (p{x),x e M", A,; = ^ ^ (3.131) 



t-i-O 

1=1 



is expressed by 
where £ Cb(M"). 



«(i,x) = (4^t)-t / ^(^)exp-L^d^ (3.132) 



3.7.2 Exercises 



(oi) Find a continuous and bounded function u{t,x); [0,T] x i? — > i? fulfilling the 
following 

{l)dtu{t,u) = a^dlu{t,x),t e (0,T], a; e R, a > 
(2) lim u(t, x) = cosx, cc G R. 

Hint. The equation (1) can be written with the constant a? = \ provided we use a 
change of variable ^ = f and denote 

u(t,x) = v{t, -), t e [0,T],.T e R 

a 

Here j^(<, j/) : [0, T] x R — > R satisfies the equation 

dti^it, y) = dlv{t, y), (t, y) G (0, T] x R 
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and initial condition i/(0, y) = cos{ay) (02). Find a continuous and bounded function 
u{t,x,y) : [0, T] X M X M — > K. satisfying the following linear parabolic equation 

f (1) dtu{t, X, y) = a^d^u{t, x, y) + ^^^^^(f, x,y),te (0, T] 
I (2) lim uit, X, y) = sinx + cosy, a > 0, b > 0, x,y eR 

Hint. The equation (1) and (2) will be rewritten using the following changes yi = 
2 , 1/2 = f and 

u{t,x,y) = v{t, f ,f ) where iy{t,yi,y2) : [0,T] x M x M satisfy (see ([3l30l) n = 2) 
I lim 1/(^,2/1,2/2) = sin{ayi) + cos {by 2) 



3.7.3 Maximum Principle for Heat Equation 



Any continuous solution u{t, x), {t, x) G [0, T] x [A, B] , satisfying heat equation (|3.120p 
for < t ^ T and x E {A, B) will achieve its extreme values 

T^SL-X(^t,x)€[o,T]x[A,B]u{ti and min(^t,x)e[Q,T]x[A,B]uit, x) on the boundary dD of the 
domain D = {(t,x) G [o, T] x [A, B]}, where 

db = ({0} X [AB])\Ji[0,T] X {A})|J([0,r] X {B}) 



Proof. Denote M = max(t u u{t, x) ,111 = maXj.^ x)edD '^^^^ ^) ^^"^ assume M > m. 

Let (io,a;o) G {tQ,xo) notindD be such that w(to,a;o) = A/ and consider the 
following auxiliary function 

]\/[ 

v{t, x) = u{t, x) + _ (x - xof (3.133) 
We see easily that i/(t, x) satisfies 

v{t, x) ^ u{t, x) + ^ {B~Ar^m+ < M (3.134) 

for any 

{t,x) G dD, and iy{to,xo) = u{to,XQ) = M, consider v{ti,xi) = ma,xi^t.x)eD '^(t^x) ^ 
M. As a consequence, {ti,xi) not in dD and 

9ti/(ti, xi) = 0, dxi^{ti,xi) = 0, 9^i/(fi, xi) ^ 0, if {ti,xi) e intD 
dtv{h,xi) ^ 0, a,j/(<i,xi) =0, dlv{h,xi) ^ 0, if{h,xi) e {T} x (^,B) 

(3.135) 

In both cases {dti^ — d'^i'){ti,xi) ^ and (ti, xi) not in dD. On the other hand, using 
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the heat equation p.l20|) satisfied by x) when (t, x) not in dD we get (see (|3.133p ) 

{dtv^dl^.){h,x,)^~j^-^<Q (3.136) 

contradicting the above given inequality. It proves thatA/ ^ m. Replacing u with 
{— u} and using 

max {—u{t,xy\= max_^{— u(t, x)} 

{*>2;)GD {t,x)(^dD 

we get the second conclusion 

min {^u{t,x)} ~ min {— u(i,2;)} 

(t>^)e-D {t,x)edD 

□ 

Remark 3.7.2. /n the above given proof we may assume that the heat equation 
(|3.120p dtu{t,x) = d^u{t,x) is satisfied for any {t,x) £ (0,T) x {A,B) (omitting 
t = T) and the result is still valid noticing that u{t,x) ^ m for ^ t ^ T — e will 
imply u{t,x) ^ mfor any ^t (see u is continuous). In addition, the conclusion 
of the maximum principle allows to extend it for \u{t,x)\^ i.e \u{t,x)\ ^ max{\u{t, x)\ : 

{t,x) e db}. 

Remark 3.7.3. The computation and arguments used for the scalar heat equation 
p.l20p can be extended to the case x G M" replacing the equation (|3.120p by (|3.130l) 
and considering a ball B{P^,p) C M" instead of [A,B] C R. // it is the case, the 
corresponding maximum principle associated with heat equation ( p.l30p says 

max u{t,x)= max_^u(t,x) 



min u{t,x) = min u(t,x) 

{t,x)eD {t,x)£dD 

where 

D = [0,T] X B{P.,,p), db = ({0} X B(P,,p))U([0,T] x dB), P., e M", {fixed), dB = 
boundary of B{P^, p). 

Here the heat eauation l\S. I'SO^ is assumed on the domain {t,x) G (0,r] x int B{Pq, p) 
and the corresponding auxiliary function is given by(see^A3^) 

i/(t,x) = u(t,x) ^ —^\x-xo\ , 

tip- 
where 

u(tQ,XQ) = M = max u{t,x)=m= max_^u{t,x) 

(t.x)eD {t,x)edD 

and M — u(tQ,xo) > rn will lead us to a contradiction. 

Remark 3.7.4. Using maximum principle for heat equation we get that the Cauchy 
problem solution for (|3.120p -/- p.l21l) ( or p.l30p + (|3.131| ) )) is unique provided the ini- 
tial condition ip and the solution {u{t, x) : t ^ 0, x Cz M"} are restricted to the bounded 
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continuous functions. In this respect, let M > be such that 

\u{t,x)\ ^ M, \ip{x)\ s; M for any t ^ 0, .t € R{x € R") 

Consider the following particular solution of (j3.120|) 

2M 2M 
i'{t,x) = ~72"(^^ + 2t) satisfying dt^ = d^.^ andv{Q,x) = -jy^^ ^ ^ 

2M 

u{+L,t) ^ —{L^ + 2t) ^ 2M 
~ L'^ 

If (|3.120p -f p.l2ip has two bounded solutions then their difference u{t,x) = ui{t,x) — 
U2(t,x) is a solution of heat equation p.l20p . satisfying \u{t,x)\ ^ 2M, {t,x) € 
[0,oo) X M.,and u{0,x) ~ O.On the other hand h(t,x) = v{t^x) — u{t,x) satisfies 
P.120p for any {t,x) G intD, D = [-L,L\ x [0,T] and 

h{t, x) = v(t, x) - u{t, x) ^ 0, V (t, x) e db 

Using a maximum principle we get 

2M 

u{t,x) ^ —^{x^ + 2t)y{t,x) e [0,T] X [-L.L] 
L'^ 

and similarly for u{t, x) = —u(t, x) we obtain 

2M 

~u{t, x) < —rix^ + 2t) V {t, x) e [0, T] X L] 
L'^ 

Combining the last two inequalities we get 

\u{t,x)\ ^ ^(x^ +2i)V(t,a;) G [0,T] x [-i,L] 
L'^ 

and for any arbitrary fixed {t,x){t > 0) letting i f oo we obtain u{t,x) = which 
proves ui{t,x) = U2{t,x) for each t>0. 



Exercise. Use the above given algorithm(ri, = l)for the multidimensional heat equa- 
tion (ll)(n ^ 1) and get the conclusion:thc Cauchy problem solution of (|3.130p + 
(|3.131|) is unique provided initial condition ip and the solutions{M(t, a;) : t 0,a; € 
M} are restricted to the bounded continuous functions. 

Hint. Let M > Obe such that \u{t,x)\, \(p{x)\ ^ M for any t ^ 0,x e R" and con- 
sider V{t,x = + 2t) satisfying djM and dXTIT]) with V{0,x) = ^\x\^ ^ 
OiV{t,x) = ^)i\x\^ +2t) ^ 2Mifx e dB{0,L). Proceed as in Remark (|3Ja . 
Problem Pi (Maximum Principle for Linear Elliptic Equation) 
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Consider the fonowing hnear ehiptic equation 

n 

= Trace[^.9^u(a;)] 

= Trace[9^u(a;)A], x efl (bounded domain) C M" (3.137) 

where the symmetric matrix A — (aijg{i,. ..,«}) is strictly positive definite(< x, Ax >^ 
S \\ X IP, Vx e M", for some S > 0). Under the above given conditions, using an ade- 
quate transformation of coordinates and function, we get a standard Laplace equation 
in R" for which the maximum principle is valid. 

(R) Show that for a continuous and bounded function u{x) : ^ S. satisfying p.l37p 
for any x Cz we get the following maximum principle: 

maxM(a;) — maxu(a;) (minu(x) = minu(a;)), wherefl — QUT, T — dQ 

Hint. Let T : M" ^ R" be and orthogonal matrix (T* = T"!) such that 

A = TDT~^, where D = diag(di, . . . , d„), d, > (3.138) 

Define ^^^^(square root of the matrix A)= T D^T^^ and make the following trans- 
formations 

X = A^\^v, v{y) = u[A^\^v) (3.139) 
Then notice that{z^(j/) : y e is a harmonic function satisfying 

= Ai/(y) = Trace[dlv{y)], Vy e Vli (3.140) 

where 

ni = [A^\'^]-^n'AnATi ^ dni = [A^\^]~^T 

As far as the maximum principle is valid for i^(j/) : fii — > M satisfying p.l40p we get 
that 

u{x) = iy{[A^\^]-^x), xeTl 
satisfies the maximum principle too. 

Problen P2 (Maximum Princie for Linear Parabolic Equations) 

Consider the following linear parabolic equation 

n 

dtu{t, a;) = X a.jdl^^^ u{t, x) = Trace[A.dlu{t, x)] = Trace[dlu{t, x)A] (3.141) 

i,J = l 

t e (0,r],a; G n(bounded domain) C M" and let u{t,x) : [0,T] x Ti ^ R he a 
continuous and bounded function satisfying the parabolic eauation (|3.14ip . If the 
matrix A = (aij)i,jg{i,...,n} is symmetric and strictly positive(< x,Ax >^ II a; ||^ 
, e K", for some S > 0)then {u{x) : x € fl} satisfies the following maximum 
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principle: 

max u{t,x) = T[ia,x_^u{t, x) { min u(t,x) = min u{t,x)) (3.142) 

(t,x)eD {t,x)edD {t,x)eD {t,x)edD 

where £> = [0,r] x H C R"+i anddD = ({0} x H) U ([0,r] x dfl). 

Hint. The verification is based on the canonical form wc may obtain in the right hand 

side of p.l4ip provided the following transformations are performed 

X = A'\\ v{t, y) = uit, A'\'y), y e il, ^ [A'\^]-'n (3.143) 

where the square root of a symmetric and positive matrix = T(r)5T~^ is used. 
Here T = diag(7i, 7„), 7, > and T : R" -> R" is an orthogonal matrix (T* = T^^) 
such that A = TTT-^. Notice that using p.l4ip we get that {iy{t,x) : t e [Q,T],y e 
rii} satisfies the standard heat equation 

dtv{t,y) = /^yu{t,y) = Trace[dlv{t,y)l t e [0,t], y € Oi (3.144) 

and the corresponding maximum principle 

max u{t,x) = Ttxax^ u{t,x) { min vitjx) — min_^ i^(i, x)) (3.145) 

{t,y)eDi {t,y)£dDi {t.y)<£Di {t,y)edDi 

is valid,where Di = [0, T] xTJ^anddDi = ({0} x n7) U ([0, T] x 8^1). Using u{t, x) = 
v{t, [A^^^J^^cc), X g f2, and p.l45p we obtain the conclusion p.l45p . 



3.8 Weak Solutions (Generalized Solutions) 



Separation of Variables (Fourier Method) 

Boundary problems for parabolic and hyperbolic PDE can be solved using Fourier 
method. We shall confine ourselves to consider the following two types of PDE 



(I) -^dtu(t,x,z) = Au(t,x,y,z), t £ \0,T], (x,y,z) e D C R^ 



(//) d'^u{t,x,z) = Au{t,x,y,z), t G [0,T], {x,y,z) G D C 

where the bounded domain Z?has the boundary S = dD. The parabolic equation (I) 
is augmented with initial conditions(Cauchy conditions) 



[la) u(0, x, y, z) = ip{x, y, 2), (a;, y,z) & D 
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and the boundary conditions 

(/fc) u(i,a;,2/,z)|(:r,y,^)e5 = te[Q,T] 

The hyperbolic equation (II) is augmented with initial conditions 

[Ila] u{0,x,y,z) = ifo{x,y,z), dtu{0,x,y,z) = ifi{x,y,z), {x,y,z) E D 

and the boundary conditions 

(lib) —{t,x,y,z) = {ujid^u + uj2dvU + u!3dzu)\{x,y, z) G 5" = 
where n = (wi, 072,^3) is the unit orthogonal vector at S oriented outside of D. 



3.8.1 Boundary Parabolic Problem 



To solve the mixed problem (/, Ia,Ib) we shall consider the particular solutions satis- 
fying {I,Ia,Ib) in the form 

u{t,x,y,z) = T{t)U{x,y,z) (3.146) 
It lead us directly to the following equations 
AUix,y,z) _ 1 r{t) 



U{x,y,z) a^T{t) 



,te[0,Tlix,y,z)eD (3.147) 



and it implies that each term in p.l47p equals a constant —A and we obtain the 
following equations 

AU + XU = 0;T'{t) + a'^XT{t) = (3.148) 

(see T(t) = Cexp - Xa'^t,t e [0,T]). Using p.l48p and the boundary conditions (h) 
we get 

C/(a;,y,z)|(,,y,,)gS = (3.149) 

The values of the parameter A for which (|3.148|) + p.l49l) has a solution are called 
eigenvalues associated with linear elliptic equation AU + XU = and boundary con- 
dition p.l49p . The corresponding eigenvalues are found provided a Green function is 
used which allow us to rewrite the elliptic equation as a Fredholm integral equation. 
Recall the definition of a Green function. 

Definition 3.8.1. Let S = dD be defined by second order continuously differentiable 
function. A Green function for the Dirichlet problem AU = f{P), U\s = Fq(S) is a 
symmetric function G{P, Pq) satisfying the following conditions with respect to P € D 
(a) AG(P, Po) = 0, VP e £>, P 7^ Po ,where Pq £ D is fixed, 

(/3)G(P,Po)|s = 0, G(P,Po) = G(Po,P), andG(P,Po) = ^+giP,Po), r = \P-Po\ 
(j) g{P, Pq) is second order continuously differentiable and Ag{P, Pq) = 0, VP G D. 
iS)UiPo) Fo{s)dnG{s)ds - JJJ G{P,Po)f{P)dxdydz where f{P) = -XU{P) 

S D 
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and Fo{s) = 0, s G 5 
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The solution of the Dirichlct problem p.l48|) + ()3.149|) can be expressed as in 
Theorem 13.6.51 Under these conditions, the integral representation formula (6) lead 
us to the following Fredholm integral equation 

U{Po) = A /// G{P,Po)U{P)dxdydz (3.150) 



where G{P, Pq) = + g{P, Pq) is an unbounded function (sec i) verifying 

G{P,Po) ^ < a < 3, for some constant A> (3.151) 

Define 

A 

G*{P, Po) = min(G(P, Pq), i^), whereS > is fixed 
We get G(P, Po) - G*(P, Pq) ^ VP e £> and 

^ G(P, Po) - G*(P, Po) ^ ^(i- - i-) r ^ 5 (3.152) 

Using (|3.152p and 6 sufficiently small we obtain 

|G(P,Po)-G*(P,Po)MP = f[[[G{P,Po)~G*{P,Po)]dP 



D D 

A JJJ -^dP ^ I where e > (3.153) 

is arbitrarily fixed. On the other hand, G* (P, Po) is a continuous and bounded function 
for P £ D and approximate it by a degenerate kernel 

N 

G*(P,Po) = ^<^.(P)V^.(Po) + G2(P,Po) (3.154) 

where 

|G2(P,Po)MP^| 



D 



From p.l53p and p.l54p we get that G(P, Pq) in (|3.150p can be rewritten as 



N 



G(P,Po) = ^<^,(P)^',(Po) + Gi(P,Po) (3.155) 
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where Gi(P, Pq) = G2(P, Po) + [G(P, Fq) - G*(P, Po)] satisfies 

|Gi(P,Po)MP< | + | = e (3.156) 

Using these remarks we replace the equation (|3.150p by the foUowing one 

U{Po)-xJJJ Gi{P,Po)U{P)dP = [{E - XAi)U]{Po) (3.157) 

D 

= XJ2MPo) jjj ^r{P)U{P)dP 
1=1 

where the operator Biip = [E — Aj4i](iy9) has an inverse 

B^^ = [E + AAi + X^Aj + ... + A^'Aj + ...], for any |A| < j-^, where \\ |K | 

II ^1 II ^ 
(3.158) 

is acting from C{D) to C(L').Denote C,;(Po) = (Bf VO(^o) and rewrite p.l57p as the 
following equation 

JV 

(7(Po) = xY^^Po) III ^^{P)U{P)dP (3.159) 



D 



which has a nontrivial solution for any A £ {Ai, A2, ...} where the sequence {Aj}jj.i of 
real numbers satisfies | A| ^ G only for a finite terms, for each constant G > arbitrarily 
fixed. Let{?7j}j^i be a sequence of solutions associated with equation (|3.159p and 
eigenvalues {Ajjj^i, they are called eigen functions. Notice that (see (/?)) G{P,Pq) 
is a symmetric function which allows one to see that the eigenvalues are positive 
numbers, Xj > 0, and the corresponding eigenfunctions {C/j}j^i can be taken such 
that 

C/,(P)C/,(P)dP=| J (3.160) 

D 

{Uj}j^i is a complete system in C{D) C C{D) i.e any ip e C{D) can be represented 

00 

^(P)=^a,C/,(P) (3.161) 

where the series is convergent in L2{D) 

00 

(see X] "^j and 
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The coefficients {ojlj^i describing the continuous function ip e C{D) are called 
Fourier coefficients and satisfy 

ip{P)Uj{P)dP = flj, j ^ 1, G C{D) (3.162) 

D 

is fixed in la- Now we are in position to define a weak solution of mixed problem 
{I,Ia,Ib) and it will be given as the following scries 

oo 

u{t,x,y,z) = '^{exp- Xia^t)a.iUi{x,y,z) (3.163) 

4=1 

which is convergent in L2{D), uniformly with respect to t G [0,T]. Using p.l62p and 
p.l6ip the initial condition in {la) is satisfied in a weak sense, i.e 

oo 

Urn II ujv(0,P) - <^(.) \\2=^,UN{t,x,y,z) = 'S^{e-x:p- \ia^t)aiUi{x,y,z) 

N^oo ^ — ^ 

i=l 

Here {ujv(i, x,y,z) : t £ [0, T], (x, y, z) £ D}]y^i is defined as a sequence of solutions 

N 

UN{t, X, y, z) = ^(cxp - \a'^t)a^Ui{x, y, z) (3.164) 

i=l 

satisfying the parabolic equation (I3.146p . the boundary condition (/t) and 

un{Q, X, y, z) = lpn{x, y, z), {x, y,z) £ D (3.165) 
such that, lim \\ ip — ipN ||2= ((/q) is weakly satisfied). 




3.8.2 Boundary Hyperbolic Problem 



To solve the mixed problem {II,IIa,IIb) we shall proceed as in the parabolic case 
and look for a particular solution 

u{t, P) = T{t)U{P), u £ C^{D), T £ C^dO, T]) (3.166) 

satisfying (II) and the boundary condition(//6). The function p.l66p satisfies (II) if 

T(t) AU{P) = UiP)T"{t) or^^ = -\\const) (3.167) 

which imply the equations 

T"(t) + A^T(t) (3.168) 
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BIT 

AU{P) + X^U{P)^0,^\s = (3.169) 
on 

For the Neumann problem solution in p.l69p . we use a Green function Gi{P,Pq) 
satisfying 

AGi = ^{where C ^ vol D) P ^ Pq 



(3.170) 



In this case ^ stands for the solution of the adjoint equation 

A7A = 0, a„V'|s = (3.171) 
The Green function Gi has the structure 

Gi(P,Po) = ^+9iP)^ ^ = \P'Po\, giP) = a\P\'+g,{P) (3.172) 



where gi verifies 

A.gi(P) = 0, VP G D,and 

dn9l\s = -[ad„\P\^ + ^dXr)]\s 

The constant a is found such that 

{AGi)dxdydz = [ [ [ A{-)dxdydz + 6avol{D) 



(3.173) 



Air J J J r 

D D 

= -l + 6avol{D)=>a^l\ 3val{D) (3.174) 

In addition, using the Green function Gi we construct a weak solution for the Neumann 
problem 

A[/(P) = /(P), {d„U)\S = (3.175) 

assuming that 

r r I 

f{P)dxdydz = (3.176) 



The Green formula (|3.149p used for ly = Gi and {U{P : P e D)} satisfying (|3.175p 
and (31) will get the form 

JJJ u{P)AGiiP,Po))dxdydz = JJJ GiiP,Po)fiP)dxdydz (3.177) 

D D 

Looking for solution of p.l69p which verify 

U[P)dxdydz = 0(see /(P) = -A^ U[P) in (30)) (3.178) 



D 
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from p.l70|) and (|3.177p we obtain an integral equation 

C/(Po) = /// GiiP,Po)UiP)dxdydz, P = {x,y,z) (3.179) 



which has a symmetric kernel Gi(P, Pq). As in the case of the parabolic mixed prob- 
lem we get a sequence of eigenvalues and the corresponding eigenfunctions {Uj}j^i. 
In this case they are satisfying 



Uj e C-'iD), dnUjls = Oand / / / Uj{P)dxdydz = 0, j ^ 1 (3.180) 



D 

Define the space Co{D) C C^{D) consisting from all continuously differentiable func- 
tions if G C^{D) verifying 

f. f. (. oo oo 

{dnip){P e S) = Q, Lp{P)dxdydz = Qandif{P) = ^ajUj{P), ^ |ajf < oo 

D J = l J = l 

(3.181) 

The boundary problem {{II), {I lb)) has two independent solutions 
(see Ti{t) = cos\jt,T2{t) = sinXjt) 

Uj{P)cosXjtandUj{P)sin\.jt, foreachj^l (3.182) 

and we arc looking for a solution of the mixed problem {{II), {Ha), {Ih)) as a con- 
vergent scries 

oo 

U{t, P) = Y^[ajUj{P)cosXjt + bjUj{P)sinXjt] + bot (3.183) 

in L2(-D)with respect to P = {x,y,z) and imiformly with respect to f G [0,T]. 
Here {a-j}j^i must be determined as the Fourier coefficients associated with initial 
condition ipo e Co{D) 

oo 

MP)=u{0,P) = J2a,u,{P) (3.184) 

and {bj}j^o a-re found such that the second initial conditions dtu{Q,P) = 'fi{P) 
{see{IIa)andipi e C{D)) are satisfied 

oo oo 

^i{P) = E PiU,{P) + /3o, with (ft-)' < 

^='oo (3.185) 
dtu{Q, P)^E \jb,U,{P) + bo = fi{P) 
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Here C{D) = C^{D) is consisting from all continuously diffcrentiable functions Lpi {P) G 
C^{D) satisfying 

oo oo 

(a„^i)(Pe5)=OaW^i(P)=^/3,[/,(P)+/3o, 5]|/3,f <cx3 (3.186) 

3=1 i=i 

We get 

6o = /3o and Xj , j ^ 1 (3.187) 

In conclusion, the mixed hyperbolic problem (//), (Ha), (I lb) has a generalized (weak) 
solution 

uit,.) : [0,T]^L2{D) 

oo 

u{t, P) = "y^JajCosXjt + bjsinXjt]Uj{P) + hot 

such that 

N 

UN{t,P) = ^[ajCosXjt + bjSinXjt]Uj{P) + hot 

satisfies (//) and (//a) and {lib) is fulfilled in a "weak sense" 
ujv(0,P) = ip^iP),dtUN{0,P) = ip^iP) 
Here the "weak sense" means 



and 



lim ifiQ = ifQ inL2{D) 

N—^oo 



lim = ipi inL2{D) 



3.8.3 Fourier Method, Exercises 



Exercise 1 

Solve the following mixed problem for a PDE of a parabolic type using Fourier 
method 

{i)^dtuit,x) = dlu{t,x), te [0,r], [0,i] 
{Ia)uiO,x) = ipix), x€ [0,1], ^eC,([0,l];R) 
{h)u{t,0) = u(t,l) = 0, te [0,T] 

where C,([0, 1]; M) = e C([0, 1]; R) : ip{0) = <p(l) = 0}. 

Hint. We must notice from the very beginning that the space C,{[0, 1]; M) is too large 
for taking Cauchy condition(/ci) and from the way of solving we arc forced to accept 
only tp € with the following structure 
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ip{x) = ajUj{x) , X e [0, 1] (3.188) 

where 

Uj{x = — ^sm jTTx, j ^ I, X e [0, 1], (orthogonal m L2[0,r]) (3.189) 
v2 

1 

satisfy J Uj{x)Uk{x)dx = | ^'^-^^ 



and the following series 

oo 

^|a,f<cx3 (3.190) 

is a convergent one. The Fourier method involves solutions as function of the following 
form 

oo 

u{t,x) = ^Tj(t)[/j(x) +ao, te[0,T],xe [0,1] (3.191) 
i=i 

where each term Uj{t,x) = rj(<)[/j(x) satisfies the parabolic equation (I) and the 
boundary conditions(/(,). In this respect, from the PDE (I) we get the following 

^-uM ^ i^?ir ^ ^ 0, t G [0,T], X G [0, 1], J ^ 1 (3.192) 
which are into a system 



dTj (t) 



I ^(a:)+Mt/,(.T^)=0, [0,1] 
On the other hand, to fulfil the boundary conditions (/(,)we need to impose 

C/,(0) = [/,(l)=0, j>l (3.194) 

and to get a solution {Uj{x) : a; € [0,1]} satisfying the second order differential 
equation in p.l93p and the boundary conditions (|3.194p we need to make the choice 

= (jTr)^ > 0, Uj{x) = Cj sinjnx, x S [0, 1], j > 1 (3.195) 

In addition, we get the general solution Tj{t) satisfying the first equation in (|3.193p 

Tj{t) = aj[exp - {jiraft], t £ [0,T], j ^ 1, a, e R (3.196) 

Now the constants cj mUj{x) (see p.l95p ) are taken such that 

Uj{x) = Cj sinjnx, x e [0, 1], j ^ 1 (3.197) 
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is an orthonorma system in L2([0, and it can be satisfied noticing that 

1 1 
{sin j TTx) {sink nx)dx = J {cos j 'kx){cos kT:x)dx 



1 

[cos{j + k)x]dx 



{cos j 7rx){cos k T:x)dx 

1 \ 2 j = k 
j^k 



(3.198) 



Here 



and 



J {cos m 'Kx)dx = for any m ^ 1 



cos{a + /?) 



cosacosP 



2 

are used. From p.l98|) we get 

Cj^V2 j^l 

As a consequence 

Uj{x) = ^^sinj-Kx, X e [0,r] , j ^ 1 (3.199) 
is an ortlionormal system in L2{[0, 1];]R) and the series in (|3.19ip becomes 

oo 

U{t,x) = ^aj[/,(x)[exp - {jTraft]+ao (3.200) 

i=i 

Now we are looking for the constants aj,j ^ such that the series in p.200|) is 
uniformly convergent on {t, x) G [0, T] x [0, 1] and in addition the initial condition(/(j) 
must be satisfied 

oo oo 

U{0,x) = ^ajUj{x) +aa = ip{x) = U{0,x) ^^ajUj{x) (3.201) 

oo 

where ^ |ckjp < oo is assumed fsee P-lOOp ). As a consequence oq = and aj = 
aj , j ^ 1, are the corresponding Fourier coefficients associated with (p satisfying 

f^rmi and mm . 
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In conclusion, the uniformly convergent series given in p.200p has the form 

oo 

u{t,x) = U{t,x) =^ajUj{x)[exp- {jTTa)^t], t G [0,T],x e [0,1] (3.202) 
i=i 

It is the weak solution of the problem {(/), {Ha), {Ih)} in a sense that 

N 

UN{t,x) = ^ajC/,(a;)[exp - {jiraft] (3.203) 

satisfies the following properties 

Urn UN{t,x) = U{t,x) uniformly of t € [0, 1] (3.204) 

each {UN{t, x) : (i, x) £ [0, T] x [0, 1]} fulfills (/) and {h) (3.205) 

U{0,x) = (p{x) , xe[0,l], {{la) is satisfied for u) (3.206) 

provided ip £ Co([0, 1]; R) fulfil (j?!^ and ([XMI)) . 
Exercise 2 

Solve the following mixed problem for a PDE of hyperbolic type using Fourier method 
{I)dfu{t,x) = dlu{t,x), t£[0,Tlx£ [0,1] 

{la)u{0,x) = ipo{x), dtu{0,x) = fi{x), X G [0,1], >fo,fi e C([0,1];R) 
{h) dMt, 0) = dMt, 1) = 0, t£ [0, T] 

Hint. As in the previous exercise treating a mixed problem for parabolic equation 
we must notice that the space of continuous C([0,1];R) is too large for the initial 
conditions (//a) considered here. From the way of solving we are forced to accept 
only (fioj'Pi S C([0, 1]; M) satisfying the following conditions 

oo oo 

fo{x) = ^q,F,(.t) +ao, M^) =J2l3jVj{x)+(3o,x £ [0,1] (3.207) 

where 

{Vj{x) = V2cosjTrx, x£ [0,l]}j^i (3.208) 

is an orthonormal system in L2[0, 1], and the corresponding Fourier coefficients 
{cij, l3j}j^i define convergent series 

oo oo 

^ |a,f < oo , ^ |/3,f < 00 (3.209) 

The Fourier method involves solutions u{t,x) : [0,T] x [0,1] — > K possessing partial 
derivative dtu{0,x) : [0, 1] — >■ Eand it must be of the following form 

oo 

u{t, x) = Y^ Tj {t)Vj {x) +ao + bQt,t£[0,T],x £ [0, 1] (3.210) 
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Each term Uj{t,x) = T j {t)Vj (x) must satisfy the hyperbohc equation (II) and the 
boundary conditions (J/b). It implies the following system of ODE 



^^-^,T,(t) = o,ie[o,r],j^i 



(3.211) 



I - ^^-^j W = 0, X- e [o,r], J ^ 1 

and, in addition, the boundary conditions 

§,0) = §(1,.„,,,1 (3.212, 
are fulfilled. The conditions p.212p implies 

\ij = -A^ = -{jiif and{Vj(x) = ^Picosj-Kx : x G [0, l]}j>i (3.213) 

is an orthonormal system in ^2(0, 1]. On the other hand, using /ij = — (jtt)^, j ^ 1 
fsee (|3.213p ). from the first equation in p.21ip we get 

Tj{t) = ajicosjnt) + bj{sinjTrt), t G [0,r], j ^ 1 (3.214) 

Using p. 2131) and (|3.214p . we are looking for {aj,bj)j^o such that {u{t,x) : {t,x) € 
[0,t] X [0, 1]} defined in p.210p is a function satisfying initial condition 

00 00 
u(0, a;) = ^ ajVj{x) + qq — (po — ^ ajVj{x) + ao, a; € [0, 1] (3.215) 

In addition ,the function {dtu{t,x) : {t,x) G [0,r] x [0, l]}is a continuous one satis- 
fying initial condition 

00 00 
dMO,x) = Y,ij^)bjVj{x) + 60 = = ^/3,F,(x) +/3o , X G [0,1] (3.216) 

From the condition p.215p and p.216p and assuming p.209p we get (a^, bj)j^i of the 
following form 

ttj = aj, {j Tr)bj = , j ^ 1, and uq = ao &o = (3.217) 

As a consequence, the series 

00 

u{t, x) = ''^^[aj{cos j TTt) + bj{sinj TTt)]Vj (x) + uq + b^t (3.218) 

i=i 

with the coefficients (aj,&j)j>i determined in p.217l) as a function for which each 
term u{t,x) = aj{cos j ttx) + bj{sun j T:x)Vj{x) satisfies the hyperbolic equation (II) 
and the boundary conditions (lit)- As a consequence, the uniformly convergent series 
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p.218|) satisfies the mixed problem (//), (Ha) and (lib) in the weak sense, i.e 

N 

UN{t,x) =^^Uj{t,x) +ao + bot, {t,x) G [0, T] x [0, 1] 

verifies (II) and (Ih) for each N ^ 1 and 

lim un(0,x) = (po{x), lim dtUisi{Q,x) — ipi{x), x <E (3.219) 

stand for the initial conditions {I la). 



3.9 Some Nonlinear Elliptic and Parabolic PDE 



3.9.1 Nonlinear Parabolic Equation 



We consider the following nonlinear parabolic PDE 

j {dt - A)(u)(t, x) = F{x, u{t, x), d^u{t, x)), t e (0, T], X e 
\ limu(t,x) = 0, xeR" 



(3.220) 



where dxu{t,x) = [diu, c?„u)(i, x), diU = dtu = Au = J2 ^fu. Here 

i=l 

F{x,u,p) : M'^"+-'^ ^ Mis a continuous function satisfying 

|F(a;,iio,po)| ^ C, \F{x,U2,P2) ~ F{x,ui,pi)\ ^ L{\u2 - ui\ + \p2 ~ Pi\) (3.221) 

for any x G M", \ui\, \pi\ ^ 6, i = 0,1, 2, where L,C,6 > are some fixed constants. 
A standard solution for p.220|) means a continuous function u{t,x) : [0,a] x R" — >■ 
R which is first order continuously derivable oi t G (0,a) second order continuously 
derivable with respect to a; = (xi, ...Xn) G such that (|3.220|1 is satisfied for any 
t G {0,a),x € a weak solution for p.220p means a pair of continuous functions 
{u{t,x),dxu{t,x);[0,a] x i?" —J- which arc bounded such that the following 

system of integral equations is satisfied 



u{t,x) = /[/ F{y,u{s,y),dy)u{s,y)P{t- s,x,y)dy]ds 

" «" (3.222) 
dxu{t,x) = /[/ F{y,u{s,y),dyu{s,y))dxP{t - s,x,y)dy]ds 

M" 
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for any t <S [0, a],a; € i?", where P{(T,x,y), a > 0,x,y G R" is the fundamental 
solution of the parabolic equation {da — Ax)P = 0, cr > 0, j/ G M" 

P(cr,2:,j/) = (47rcr)^exp- -^^--^,(7 > (3.223) 

4ct 

A direct computation shows that P(cr, x, y) satisfy the following properties 

J P{a, X, y)dy = 1, a.P(a, x, y)A,P(a, x, y) (3.224) 

for any a > 0, x,y ^ M" and 

lim P{cr, x,y)=Oifx^y 

The unique solution for theintegral equation p.222p is found using the standard ap- 
proximations sequence defined recurrently by 

n+l 



{u,P)o{t,x) = (0,0) e and 



t 



Uk+i{t,x) = /[/ F{y,Ukis,y),pk{s,y))Pit - s,x,y)dy]ds 



R" 

t 



Pk+i{t,x) ^ dr,Uk+i(t,x) =/[/ F{y,Uk{s,y),pk{s,y))dr,P{t ~ s,x,y)dy]ds 

R" 

(3.225) 

for any fc ^ 0, {t, x) S [0, a] x M" where a > Ois sufficiently small such that 

aC ^S, 2V^CCi ^ 6 (3.226) 

Here the constants C,6 > arc given in the hypothesis p.22ip and Ci > fixed 
satisfies 

(7r)-"\2 / |z|(cxp - \z^\)dz ^ Ci (3.227) 



A constant a > verifying p.226p allows one to get the boundedness of the sequence 
{iuk,Pk)}k^i as in the following lemma 



Lemma 3.9.1. Let F e C(K2"+\M) be given such that the hypothesis (|3.22ip is 
verified. Fix a > such that p.226p are satisfied. Then the sequence {{ukTPk)}k^o 
of continuous functions constructed in (j3.225p has the following properties 

\ukit, a;)| (5, \pk{t, x)\ (5, V (t, x) e [0, a] x M" , fc ^ (3.228) 
II «+i,Pfc+i(t)-(7ife,Pfc)(t)) II = sup[\uk+i{t,x)~uk{t,x)\ (3.229) 

- \pk+i{t,x)-pkit,x)\]^2SC',{*-^)'\^ 
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for any t e [0,a] , k ^ where Ca ~ L{Ciy/a + a^\^). 

Remark 3.9.2. Using the conclusion p.229p of Lemma p.9.ip and Lipschitz con- 
tinuity of F in p.22ip we get that the sequence {{u,p)k}k^o uniformly convergent of 
{t,x) S [0,a]xR", lim {u,p)k{t, x) = {u,p){t,x) there the continuous function{u,p),t S 

[0,a],x € M" satisfies the integral equation (|3.222p . provided the constant a > is 
fixed such that 



(- ).Ca = p<l (3.230) 

oo 

where Ca is given in ()3.229p . In this respect, J^i'^i^) = [('">P)fc+i ~ (^tjP)fc](i, 2;) is 

k=0 

bounded by a numerical convergent series \ ^{t, x)\ ^ 2(5(1 + p+, + p*^ + ...) = 

which alow us to obtain the following 



Lemma 3.9.3. Let F e C(M2"+\M) be given such that the hypothesis (|3.22ip is sat- 
isfied. Then there exists a unique solution (u{t,x),ptt,x),t € [0,a], x £ M", verifying 
the integral equations (j3.222p and 

\u{t,x)\,\p{t,x)\ ^ p{forall)t € [0,a], x G R" (3.231) 

a:ru(i, -t) = p{t, x)\ft e [0, a] , X e R" (3.232) 

In addition, {{u{t, x) , dxu{t, x))) is the unique weak solution of the nonlinear equation 
(13:2291) . i.e 

lirnt{dt — A)v^{t, x) = F{x, u{t, x), dxu{t, x)) (3.233) 

for each < t ^ a, a; G M" where 
t 

ui{t,x) J [J F{y,u,s,y),dyu{s,y)P{t ~ s,x,y)dy]ds 
if < t ~a and x G M" are fixed. 



3.9.2 Some Nonlinear Elliptic Equations 

We consider the following nonlinear elliptic equation 

Au(a;) = f{x, u{x)),x G i?^ n ^ 3 where f{x, u) : R"+^ ^ M (3.234) 
is first order continuously differentiable satisfying 

fix, u) = Of or X G B{0, b),ue R, where B{0, b) C R" is fixed (3.235) 

dt 

A = {maxl — |;x G B{0,b), \u\ 2A'i} (3.236) 
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satisfies AA'o = P G (0, ^) where 

i^o = 7:,Ki = CoKoandCa = {maxl /(x, 0)1; x € B(0,b)} 

n — 2 

Lemma 3.9.4. Assume that f{x,u); {x,u) G i?"^^ is given satisfying the hypothesis 
p.235p and (|3.236p . Then there exits a unique bounded solution of the nonlinear 
equation (|3.234p u(x) ; i?" — > R. which satisfies the following integral equation 

u{x) = j f{y,u{y)\y-x\'-''dy^ j f{y,u{y))\y ^ x^'-'^dy (3.237) 

K" B{o,b) 

where f{x, u) = Cf{x, u) andC = (9_J)|Qp| , \^\ = measS{0, 1). 

Remark 3.9.5. The proof of this result usees the standard computation performed 
for the Poisson equation in the first section of this chapter. More precisely, letTlo = 
'S'(0, 1) C R" be the sphere centered at origin and with radius p ~ 1. Denote |r2o| = 
measflQ and f{x,u) = Cf{x,u), {x,u) E R" x R where c = (^2-n)\no\ ' ^■ssociafe the 
integral equation (j3.237p which can be rewritten as 

u{x)= I f{x + z,u{x + z)).\z\^-"dz, forx e B{o,b) (3.238) 



whereD ~ B{0,L),L ~ 2b. Define a sequence Uk{x);x € B(f),b)k 0iio(2;) = 0,x € 
B(0,&) 

Ufc+i(a;) = J fix + z,Uk{x + z))\z\'^'"dz,k^ Ox, X e B{0,b) (3.239) 

D 

The sequence {uk}k^o is bounded and uniformly convergent to a continuous function 
as following estimates show 

L ^ 

\ui{x)\ ^dCo frdr f dw = = -^26^ = Ki (3.240) 

J J n — 2 2 n — 2 

Ho 

for any x € B(0,b) and 

|m2(x)-u,(x)K [ l + mx + z),ix + z))-fix + z,0)\z\^-^dz^ (3.241) 



^ Kimax\^{y,u)\ I |z|2""dz ^ Ki{X.Kq) = Kipforanyx G B{<d,b) 



du 

An induction argument leads us to 

\uk+i{x) ~ uk{x)\ s$/up^ xeB{Q,b), k^O (3.242) 
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where p G (0, 1 \ 2) and ki > are defined in (|3.236p . Rewrite 

Uk+i = uiix) + U2{x) - Mi(a;) H h Uk+i{x) ~ Uk{x) (3.243) 

and consider the following series of continuous functions 

^(x) = U(x) + y2{x) + ■■■ + Vk+i{x) + ... (3.244) 

X e B{0,b), i'j^i{x) = Uj^i{x) — Uj{x) 
The series in p.244p is dominated by a convergent numerical series 

I y (x)| i^i(l + p + p2 + ...+/■ + ...) = A'l-^ ^ 2Ki (3.245) 

and the sequence defined in (j3.239|) is uniformly convergent to a continuous and 
bounded function 

Urn uu{x) = u{x), \u{x)\ ^ 2Ki, x € 5(0, b) (3.246) 
In addition{u{x) , x G -6(0,6)} verifies 

u{x) J f{y,uiy))\y-^\^'''dy^ J f{y,u{y))\y - x\'-"dy (3.247) 

R" -B(0,fc) 

The solution {u{x), x G B{0,b)} is extended as a continuous function on R" using 
the same as integral equation ( see (|3.247|1 ) and the proof of (|3.237p is complete. 



3.10 Exercises 



Weak solutions for parabolic and hyperbolic boundary problems by Fourier's method 
(Pi). Using Fourier method, solve the following mixed problem for a scalar parabolic 
equation 

(a) dtuit, x) = dlu{t, x),te [0, T], x e [A, B] 

{b) u{0, x) = Mx) ,x€ [A,B], ifoe C{[A, B]) (3.248) 
(c) u(t. A) ~ UA, u{t, B) ~ UB , t <E [0, T], UA,UB S M given 

Hint. Make a function transformation 

u{t, x) = u{t, x) - i^^^^B + §^ua} (3.249) 

which preserve the equation (a) but the boundary condition (c) becomes 

u{t,A) = 0,iy(t,B) = 0,t e [0,r]. The interval [A,B] is shifted into [0,1] by the 
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following transformations 

x = By+{l-y)A, w{t,y) = v{t, B y + il - y)A), y e [0,1], t e [0,T] (3.250) 

The new function {w{t, y) : y £ [0, T], y e [0, 1]} fulfils a standard mixed problem for 
a scalar parabolic equation 

(a) dtw{t,y) = .^^l^dlw{t,y),t€[Q,T],ye[Q,l] 

[h) w{Q,y) = ^,{y) ^o(A + {B - A)y) - {usy + ua{1 - y)} (3-251) 
(c) w{t, 0) = , w{t, 1) ^0,te[0,T] 

OO 

w{t,y)^Y.^,{t)W,{t) (3.252) 



where 



r'(t) W'iy) 



The boundary condition ( (|3.248p . c) must be satisfied by the general solution 

Wj{y) = Ci cos {B - A)y^y + C2 sin {B ~ A)y/x]y (3.254) 



of p.253p which implies Ci = OandAj = {B - Ay^inj)"^ 

(^2)- Using Fourier method, solve the following mixed problem for a scalar parabolic 
equation 

(a) dfu{t, x) = d^u{t, x),te [0, T],xe [A, B] 

(b) u{0,x) = ifioix) ,dtu{0,x) ^ ipi{x) , X e [A,B], ipo,ipi e Ci[A,B]) 

(c) u{t, A) — UA, u{t, B) ~ ub , t E [0, T], ua,ub € K given 

Hint. Make a function transformation 

J- J- 

iy{t,x) = u{t,x) - {^—^UB + ^-^ua} (3.255) 

which preserve the hyperbolic equation (a) but the boundary condition (c) becomes 

(3.256) 

The interval [A, B] is shifted into [0, 1] with preserving the boundary p.256p if the 
following transformation are done 

x = By+{l- y)A, w{t, y) = v{t, B y + {I - y)A), y e [0, 1], t e [0, T] (3.257) 
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The new function y) : y G [0, T], y e [0, 1]} fulfils a standard mixed problem for 
a scalar parabolic equation 



(a) d?w{t,y) = ^^l^d^ywit,y), t £ [0,T], y £ [0,1 
(c) 0) = , 1) = , t e [0, T] 



de f 

w{0, y) = My) = MA +{B- A)y) - {uey + - 2/)}, y e [0, 1] 
dtw{Q,y) = Myf^ vM+{B^A)y),ye[Q,l] 



(3.258) 

Solution of p.258p has the form 

oo 

wit, y) = ^ T,{t)Wj{t) + Co + Cit (3.259) 
and the algorithm of solving repeats the standard computation given (Pi). 



3.11 Appendix I Multiple Riemann Integral and Gauss 
-Ostrogradsky Formula 



(Al) We shall recall the definition of the simple Riemann integral {f{x) : a; G [a, &]}. 
Denote by 11 a partition of the interval [a, h] C R: 

n = {a = ^ xi ^ ... ^ ^ Xij^i ^ ... ^ xtv = and for Ax^ = xi^i — 
Xi,i G {0, 1,...,A^— 1}, define the norm d(n) = max^Axi of the partition 11. For 
G [xi,Xi+i],i G {0, 1, — 1} (marked points of 11) associate the integral sum 

Snif) = /(^OAx, 

i=0 

Definition 3.11.1. A number 1(f) is called Riemann integral of the function {f{x) : 
X G [a, b]} on the interval [a, b] if for any e > there is a S > such that 

\Snif) - Hf)\ < e V n satisfying d(Il) < 5. 

Remark 3.11.2. An equivalent definition can be expressed using sequences of parti- 
tions {Tlk}k^i for which 

A:— >-oo 

where the number I{f) does not depend on the sequence {Tik\k^i and its marked 
points. If it is the case we call the number 1(f) as the integral of the function f{x) 
on the interval [a, b] and write 

/ f(x)dx = Urn Sn^if) 
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Finally, there is a third equivalent definition of the integral which uses a "limit fol- 
lowing a direction". Let E he consisting of the all partitions 11 associated with their 
marked points, for a fixed 6 > 0, denote Es ^ E the subset satisfying d{lV) < 5, 
H £ Es- The subsets Eg C E, for different S > 0, are directed using d{Il) — > 0. The 
integral of the function {/(x) : x € [a, &]} is the limit J{f) of the integral sums fol- 
lowing this direction; the three integrals J{f), jj^ f{x)dx and I{ f) exist and are equal 
iff one of them exists. It lead us to the conclusion that an integral of a continuous 
function {/(x) : x G [a,b]} exists. 



(A2) Following the above given steps we may and do define the general meaning of 
a Riemann integral when the interval [a, 6] C i? is replaced by some metric space 
(X.d). Consider that a family of subsets J7 C X of X arc given verifying the following 
conditions: 



1 . The set X and the empty set belong to 14 

2. f Ai, A2 E U then their intersection A1A2 belongs to U. 

3. If Ai,A e U and Ai <Z A then there exist A2,...,Ap e U such that A = 
Ai U ... U Ap and A2, G U are mutually disjoints. A system of subsets 
u C X fulfilling (1), (2) and (3) is called demi-ring U. In order to define a 
Riemann integral on the metric space X associated with a demi-ring n we need 
to assume another two conditions. 

4. For any S > 0, there is a partition of the set X = Ai U ... U Ap, with Ai e U, 
AiAj = if t 7^ j and d{Ai) = sup p{x, y) < 5, i £ {1, (This condition 

(x,y)^Ai 

remind us the property that X is a precompact metric space) . The last condition 
imposed on the demi-ring lA gives the possibility to measure each individual of 
U. 

5. For each A E U, there is positive number m{A) ^ such that m : U ^ [0, 00) 
is additive, i.e m{A) = m{Ai) -\- m{A2) + ... + m{Ap), ii A ^ Ai U ... U Ap and 
Ai, ...,Ap are mutually disjoints. 



The additive mapping to : ?7 — > [0, 00) satisfying (5) is called measure on the cells 
composing U. The metric space X associated with a demi-ring of cells U and a finite 
additive measure m : u ^ [0, c») satisfying (l)-(5) will be called a measured space 
{X,U, to). Let f{x) : X ^ Rhe a real function defined on a measured space {X,U, to) 
and for an arbitrary partition 11 = {^1, ...,Ap} oi x = Ai U ... U (^i^j = 4'i i ^ j) 
define an integral sum. 



00 

S'n(/) = f{S.i)'>nA.i, whereat e Ai is fixed 

i=l 



(3.260) 
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The number 

/□(/) = J fix)dx (3.261) 

X 

is called the integral of the function / on the measured space {X,U,m) if for any 
e > 0, there is a (5 > such that 

\In{f) - Sn{f)\ < e (3.262) 

is verified for any partition 11 satisfying d(n) < S, where d(n) = ma.x{d{Ai), d{Ap)) 
and d(Ai) = sup p(x,y). It is easily seen that this definition of an integral on a 

{x,y)eAi 

measured space {X,L(,m) coincides with the first definition of the Riemann integral 
given on a closed interval [a, b] C R. 

The other two equivalent definitions using sequence of partitions {TTk}k^i , d(nk) 0, 
and a "limit following a direction" will replicate the corresponding definitions in the 
one dimensional case x S [a,b]. 

A function f{x) : {X,IA, m} — > M defined on a measured space and admitting Riemann 
integral is called integrable on X , f G J(X). The following elementary properties of 
the integral are direct consequence of the definition using sequence of partitions and 
their integral sums 

f{x)dx = cm{X), if f{x) = c{const), x £ X (3.263) 



cf{x)dx = c f{x)dx, f e J{X) andc = const (3.264) 
X Jx 



[fix)+g{x)]dx = / f{x)dx+ / g{x)dx, if f,g G J{X) (3.265) 

X Jx JX 

Any f e J{X) is bounded onX, \f{x)\ s$ c, a; € X (3.266) 
if e J{X) and f{x) < g{x), x e X then 



fix)dx^ / gix)dxi fix)dx^ / \fix)\dxif f\f\e JiX)) (3.267) 
X JX Jx JX 

Cm(x)s$/ f{x)dx i^Cmix), if f e J{X)andci: f{x) i^CVx e X . (3.268) 

JX 

Theorem 3.11.3. If a sequence {fi;{x) : x G X}k^i C J{X) converges uniformly on 
{X,U, m} to a function f{x) : X — > K then f G J{X) and 

f{x)dx = Urn j fn{x)dx 
X Jx 



Hint The proof replicates step by step the standard proof used for X = [a, 6] C R 

Example 3.11.1. (ei) X = [a, fe] C R and for a cell of [a,h] can be taken any 
subinterval containing or not including its boundary points. The measure m{A) = 
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P — a, {A = [a,/3], A = [a, (3)) of a cell is the standard length of it and the corre- 
sponding measured space {X,U,m) satisfy the necessary conditions (l)-(5). Notice 
that the first definition of the integral given in (|3.262p coincides with that definition 
used in the definition (|3.11.1[) 

(€2) Let X he a rectangle m , X = {x £ M'^ : ai ^ Xi ^ &i, a2 ^ X2 ^62} 
and as a cell of X we take any subset A X , A ^ {x ^ X : ai ^ xi < I3i,a2 ^ 
X2 -< 1^2} where the sign " -< " means the standard " ^ " or" < " among real 
numbers. The measure m{A) associated with the cell A is given by its area m{A) — 
{/3i — ai).{/32 — a2).The necessary condition (l)-(5) are satisfied by a direct inspection 
and the Riemann integral on X will be denoted by 

f{x)dx^ / / f{xi,X2)dxi dx2 (double Riemann integral) 

n 

Replacing SyM" , n 2 and choosing X = Y\ ^ direct product of some inter- 

i=l 

n 

vals li ^ {x ^ : Oi ^ X < bi\ we define a cell ^ = 11 {en -< x ^ Pi] and its volume 

i=l 

n 

m{A) = Y\ {Pi — ai) as the associated measure Jn this case the Riemann integral is 

i=l 

denoted by 

/•bi rb„ 

f{x)dx= I ...I f{xi,...,Xn)dxi...dxn 

fx <y ai J an 

and call it as the n-multiple integral of f . 

Theorem 3.11.4. Let {X,U,m} be a measured space and fi{x) : X — > M «s a uni- 
formly continuous function. Then f is integrable, f G JiX). 



Proof. By hypothesis the oscillation of the function / on X 

WfiX,S)= sup \fix')- fix")\ (3.269) 

p(x' ,x")^S,x' ,x" (^X 

satisfies w / {X, S) ^ e for some e > arbitrarily fixed provided (5 > is sufficiently 

small. In particular, this property is valid on any elementary subset P C_ X , P ~ 

p 

y Ai , {Ai, . . . , Ap\ are mutually disjoint cells. Denote Wf{P, S) the corresponding os- 

i=l 

dilation of / restricted to P and notice 

\S^{f,P) ^ SUf,P)\ ^Wf{P,6)m{P) (3.270) 

for any partition tt' of P containing the given partition tt ~ {Ai, . . . , Ap} of the 
elementary subset P C X{tt' ^ tt). 

The property tt' D tt is described by "yr'is following 7r"(7r' is more refine). Using 
p.270p for P = x noticing that Wf{X,S) ^ e for e > 0, arbitrarily fixed provided 
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(5 > Ois sufRciciitly small, we get that 

lim S'7r(/) = /(/) exists 

(5(7r)— >0 

as a consequence of the Cauchy criteria applied to integral sums. □ 



Consequence Any continuous function defined on a compact measured space {X,U, m) 
is integrable(see f{x) : X — >■ K is uniformly continuous). 

Theorem 3.11.5. Let {X,U,m) be a measured space and Z D X is a negligible 
set. Assume that the bounded function f{x) is uniformly continuous outside of any 
arbitrary neighborhood of Z,Ua-{Z) = {x lE X : p{x,Z) < S}. Then f is integrable on 
X. 



Proof. By hypothesis Z is a negligible set and for any e > there is an elementary 

p 

set P = y Ai such that intP D Z and m{P) < e. Let M = sup |/(a;)| and for e > 

1=1 x^X 

define 

p 

P =\JA, such that intPD Z arid m{P) ^ — (3.271) 

4=1 

Denote S = X - P and we get d{Z, B) = 2p > where d{Z, B) = inf{d{z, b) : z e 
Z,b € B}. By hypothesis, the function / is uniformly continuous outside of a neigh- 
borhood Up{Z) ,of the negligible set Z, i.e f[x) : Q ^ is uniformly continuous, 
where Q = X \Up{Z). Using Theorem 13 . 1 1 . 41 wc get that /restricted to {Q,hiQ,m) 
is integrable and any integral sum of / on X restricted to P is bounded by e(see 
mtP D Z, m{P) ^ 

For an arbitrary partition tt = {Ci,...,C„} of X we divide it into two classes; 

p 

the first class contains all cells of tt which arc included in P = [J At D Z\ and 

the second class is composed by the cells of tt which have common points with 
the set B = X \ P and are entirely contained in B. In particular, take a par- 
tition TT with dijr) < a = min{a, p) where cr > is sufficiently small such that 
\fix") - f{x')\ < e\ 2m{X) if pix",x') < 2a, x' ,x" e B. Let tt' D tt be a follow- 
ing partition(7r' is more refined than tt). A straight computation allows one to see that 

\sM)-s.'{f)\ ^ \sAf^P)\ + \s.'{f,P)\ + \sAf,Q)-s.'{f,Q)\ (3.272) 

Q ^ X\Up{Z) the first two terms in (|3.272p fulfil 

{|S'x(./, P)| M m[Ai) = Mm{P) ^ M.e \ 4M = e \ 4 
i=i (3.273) 
\S^'{f,P)\i^Mj:m{A,)^Mm(P)^e\4 
i=i 



For the last term in (j3.272p we use (|3.270p in the proof of Theorem 13.11.51 and Q = 
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X \ Up{Z) X \ P = B. As far as (T > d{TT) ^ c?(7r') and a = niin(cr, p) we obtain 

r \S^{f, Q) - S^,{f, Q)\ < WfiQ, S)m{X) ^ [e \ 2m(X)]m(X) = e \ 2 

and the Cauchy criteria used for integral sums {STr{f) : (i(7r) — > Ojlead us to the 
conclusion. The proof is complete. □ 



Definition 3.11.6. Let {X^lA^m} be a measured space and G Q X a subset. We say 
that G is a jordanian set with respect to {U,m) if its boundary dG ~ G C\ {X \ G}, 
is a negligible set. A jordanian closed set A with the property int A ~ A is called a 
jordanian body. 

Remark 3.11.7. The characteristic Junction of a jordanian set G Q X 

, , f 1 xeG 
^^(^^ = 1 xeX\G 



is an integrable function if the measured space {X, m} is compact; XG{x)dx = 
|G| is called volume of G. 

Definition 3.11.8. A measured space {X,U,m} for which all cells are jordanian sets 
is called normally measured;each cell A^IA has a volume and m{A) = vol A = \ A\ 



Let f(x) : X — >■ R be a bounded function on a compact measured space {X,t{,m} 
and G C X is a jordanian set with the boundary F = dG. By definition, the integral 
of the function / on the set G is given by 

/ f{x)dx^ f f{x)xG{x)dx (3.275) 
Jg Jx 

If / is a continuous function on G except a negligible Z then f {x)xg{x) is continuous 
on X except the negligible set Z U dG and p.275p exists. 

{A2) Integration and derivation in R"; Gauss-Ostrogradsky formula 

Consider a domain G C R" (a jordanian body)for which the boundary dG is piecewise 

9 

smooth surface. By "piecewise smooth dG "we mean that 5* = dG ^ \_\ Sp where 

p=i 

(int Si) n {int Sj) = 4> for any i ^ j G {1, . . . , q} and for each x G int Sp, there is a 
neighborhood V C R" and a first order continuously differentiable mapping 

n-l 

y = ip{u) = Y[ (^flji flj) = Mi-i SpC] V, ip{0) = X such that 

i=l 

rank \\ ^^^^ \\= n — 1. Denote Lp = ((^1, i^„), u = (wi, w„_i) and define the 

vectorial product of the vectors [^-(u), g^*^ ^ ("»)] ^ as a vector of R" given 
by the following formula 
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N = det 



[l^(u),...,^iu)] (3.276) 

OUi OUn-l 



where {et , e^} C M" is the canonical basis of K" and the formal writing of p.276p 
stands for a simple rule of computation, when the components of [^^(it), g^f ^ {u)] 
C R" are involved. In addition, p.276p allows one to se easily that TV is orthogonal 
to any vector ^-(u) G M", i G {1, — 1} and as a consequence N is orthogonal 

to the point ^p{u) G Sp. In this respect, the scalar product < N, ^-(u) > coincides 
with the computation of the following expression 



< TV, >^det 
ou. 



I few \ 



for each i G {1, .., n — 1} 



(3.277) 



If it is the case then the computation of the oriented surface integral f{x)dS on the 
surface S = {Si, Sq} will be defined by the following formula 



fix)dS 



fiip{u))\N\du 



(3.278) 



where |A''| stands for the length of the vector N defined in (|3.276p . On the other 
hand, the normalized vector 

m{u) = N/\N\ (3.279) 

can be oriented in two opposite directions with respect to the domain G and for the 
Gauss-Ostrogradsky formula we need to consider that m{u) is oriented outside of the 
domain G. Rewrite m{u) in ( (|3.279p as 



m{u) 



'eicosLUi + ... + e^cosuj„ 



(3.280) 



where uJi is the angle of the unitary vector m{u) and the axis Xi, i G {l,...,n}. Let 
P{x) = P{xi, Xn) be a first order continuously differentiable function in the domain 
G. Assume that G C K" is simple with respect to each axis Xk, k G {1, n}. Then 
the following formula is valid 



dPix) 



dx 



(cos uJk)P{x)dS , for each k G {1, n} 



IG dxk Js 

where 5* = dG and the surface integral £g is oriented outside of the domain G 



(3.281) 



Theorem 3.11.9. (Gauss(1813)-Ostrogradsky(1828-1834)formula) 
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Let Pk{x) : G C R" — > M, &e a continuously dijferentiable function for each k G 
{1, ...,n} and assume that the jordanian domain G is simple with respect to each axis 
Xfc , fc S {1, n}. Then the following formula is valid 

f dp dP f 

/ \ir-^^) + - + ^{^)]dx = f [{cosuji)Pi{x) + ... + {cosujn)Pn{,x)]dS (3.282) 

Jq ox I OXn Js 

where the surface integral is oriented outside of the domain G and S — dG 



Proof. The meaning that G is simple with respect to each axis , fc G {1, 71} will 
be explained for k = n and let Q C M""^ be the projection of the domain G on the 
hyperplane determined by coordinates xi, ...,Xn-i = x. It is assumed that Q C R"^^ 
is jordanian domain(see jordanian body given in definition 13. 11.61 of (yli))and the 
jordanian domain G C M" can be described by the following inequalities 

(p{xi,...,X„-i) S^Xn^ Tpixi, ...,Xn^i) , (xi , . .. , X„_i ) = x (3.283) 

where ip{x) ^ V'(2?) , x € Q are continuously differentiable functions. The surface 
Xn = ipix), (x,Xn) G G IS denoted by S'„ (upper surface)and a;„ = ip{x), (x,Xn) G G 
will be denoted by S*?, (lower surface). Notice that the unitary vector m defined in 
p.279|) must be oriented outside of G at each point p G Su- It implies< to, e„ >^ 0, 
similarly < to, e„ >^ for eachp G St- A direct computation of the orthogonal vector 
N at each point of the surfaces Su ~ {xn — ipi^) = 0} and Su — {xn ~ fix) ~ 0} will 
lead us to 

<me ->-<N\\N\e . / 1 \ (1 + I^S^l^)!')'^', ^ G ^« (o oM) 

<m,e„>-<7V\|iVU„>-| i\(i + |ag^(j)|2)i\2^^^^^ (3.284) 

Using the standard decomposition method of a multiple integral into its iterated parts 
we get 

dp^ix) _ f , r-=^^'^^ dp^ 

iX^ Xfi jaXji lU/X 



Pn{x,1p{x))dx - / Pnix,ip{x))dx 

Jq 

Pn{xMx)) < TO,e„ > (1 + \d^i^{x)\''Y\^dx 

+ / Pn{x,ip{x)) < TO,e„ > (1 + \dsip{x)\^)^'''^dx 

/ Pn{x) < TO, e„ > dS + Pn{x) < TO, e„ > dS 
J s„ J St 

Pn{x){cosuJn)dD (3.285) 
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Here we have used the definition of the unoriented integral given in p.278p and 
the proof of (|3.282p is complete. □ 

p 

Remark 3.11.10. Assuming that G = Gi, with {intGi) n {intGj) ~ (f) if i ^ j 

i—l 

and each Gi is a jordanian domain, simple with respect to any axis Xfc , fc € {1, n}, 
then the Gauss-Ostrogradsky formula (|3.282p is still valid. 



3.12 Appendix II Variational Method Involving PDE 



3.12.1 Introduction 



A variational method uses multiple integrals and their extremum values for deriving 
some PDE as first order necessary conditions. Consider a functional 

^ m 

J(z) = / L{x,z{x),dj:z{x))dx , D„, ^T\[ai,hi\ (3.286) 

where L{x,z,u) : V x M. x M" — > M, V{open) D Dm is a first order continuously 
differentiable function. We are looking for a continuously differentiable function 'z{x) : 
V xR zeC^iV) such that 

minJ(z) = J(z) z eA (3.287) 

where A C C^{V) is the admissible set of functions satisfying the following boundary 
conditions 

J z(ai,X2, ...,a:m) = z^(x2, ...,x„) , {x2, ...,x„i) G lYiLiio-hbi] 

z{bi,X2, ...,Xm) = Z\{X2, ...,Xm) 



, . .. , Xm—1 7 — ^0 (^1 1 ■ ■■ i •^m—l) i (^1 1 ■ ■■ i ^m— 1 ) € Oi^l V^i^ ^i] 

2 (xi , . . . , Xyii— 1 7 ^m) ^1 (^1 1 ■ ■ ■ 1 •^m— 1 ) 

(3.288) 

Here the functions zj , i {0, 1}, j € {1, ...,m}, describing boundary conditions, are 
some given continuous functions. This problem belongs to the classical calculus of 
variations which has a long tradition with significant contributions of Euler(1739)and 
Lagrange(1736). The admissible class A C C^{V) is too restrictive and the exis- 
tence of an optimal solution 'z £ Q is under question even if we assume additional 
regularity conditions on the Lagrange function L. A more appropriate class of admis- 
sible function is defined as follows. Denote dD^ = r„j the boundary of the domain 
An = n"i and let i2(£'m;K'") be Hilbcrt space of measurable functions 

p{x) : Dm admitting a finite norm j| p \\— (/^ \p{x)\'^ dx)^'^'^ < oo. Define the 
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admissible class A C C{V) as follows 

A = {z e C(A„) : d,z G i2(An;IR'"),^|r„ = ^o} (3.289) 

where zq S C{Trn) is fixed. In addition, the Eulcr-Lagrangc cquation(first order neces- 
sary conditions)for the problem 

minJ(z) = J(z) (3.290) 

ze A 

where J is given in p.286p , and A in (|3.289p can be rewritten as a second order PDE 
provided 

Lagrange function L{x, z,u):V xM.x R" R (3.291) 

is second order continuously differentiable and |9„ L(.t, z, it)| ^ Cjv(l + \u\) Vu E 
R™ , X G Dm and |z| ^ ,where Cat > is a constant for each > 0. 



3.12.2 Euler-Lagrange Equation for Distributed Parameters 
Functionals 



A functional of the type p.286p is defined by a Lagrange function L containing a 
multidimensional variable x G Dm (distributed parameter). Assume that L in (|3.286p 
fulfils conditions p.291|) and let z G A (defined in p.289p ) be the optimal element 
satisfying p.290p (locallv). i.e there is a ball B{'z,p) C C{Dm) such that 

J{z) ^ J{z)y z e B{2,p)r\A (3.292) 

Denote 

W^^\2 = {z G C{Dm) : their exists d^z G £2(£»m; M™)} (3.293) 
and define a linear subspace Y C W^^^ 

Y ^{yeW^\^y\r^=0} (3.294) 

An admissible variation of z is given by 

z^{x) = z(.t) +ey{x) , x G An (3.295) 

where e G [0, 1] andy G Y. By definition z^ ^ A , e G [0, l],and using p.292p we get 
the corresponding first order necessary condition of optimality using Frechet differen- 
tial ^ 

= d J{z; y) = hm "^^^"^ ~ '^^''^ , ^y G Y (3.296) 

eiO e 

where d J(z'; y) is the Frechet differential of J at z computed for the argument y. The 
first form of the E-L equation is deduced from (|3.296p using the following subspace 
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Fey 

ni 

Y = sp{yeC{D„,):y{x) = \{y^{xi),y, £ Dl{[a,,b,])} (3.297) 



i=i 



Here the linear space L'Q([a, /?]) is consisting of all continuous functions which are 
derivable satisfying ip{a) = = Oand its derivative ,t £ [a,/3]}is a piecewise 
continuous function. A direct computation allows us to rewrite 

= dJ{z,y){see (11)) foranyyeY (3.298) 

as follows 

[dzL{x] z{x)] dxz{x))y{x) + a„,L(a;; z{x); dxz{x))dx,y{x)]dx (3.299) 

for any y eY, where u = (ui, Um) , a; = {xi,...,Xm) 
Denote 



tm)\ dxZ{xi tm))dt 

n 

(3.300) 

and integrating by parts in p.299p we get (see dzL = dxi'ipi) 







/ ipi{x) + du,L{x;z{x)]da:z{x))]dx,y{x)}dx (3.301) 



for any 

m 

y& l^l\^|/(x) n^^'^^*) ' y» ^ £'o(k,6i]) i e {1,-,™} 
1=1 

where V'i(a;), "0^(2:) are defined in p.300p . The integral equation p.30ip stands for 
the first form of the Euler-Lagrange equation associated with the variational problem 
defined in p.296p . To get a pointwisc form of the E-L equation p.30ip we need to 
assume that 

The optimal element z e C^(6' C £),„) (3.302) 
is second order continuously differentiable on some open subset 6 C Z),„. 



Theorem 3.12.1. (E-L) Let L{x,z,u) : D,,, x M x M™ ^ R &e a second order 
continuously differentiable function and consider that the local optimal element z fulfils 
(|3.302p . Then the following pointwisc E — L equation 

m 

dz L{x, z{x), dxz{x)) = ^ d,x.^[du, L{x, z{x), dxz{x))] (3.303) 
for any x £ 9 C Dm, is valid and z|r„, = zq £ C{T„i) 
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Proof. By hypothesis, the E — L equation p.30ip is verified where il)i{x) and 
duiL{x,^{x)Tdxz{x)) are first order continuously difFerentiable functions of x e 6* C 
D,n for any i G {1, m}. The integral in (I3.30ip can be rewritten as follows 

m -| 

V[ ij^{x)+duMx;z{x)-d^z{x))]da,Jj{x)^Ei{x)-E2{x) (3.304) 

^ — ' TO 

i=l 

= y^5xi{[ + ^u,L{x]z{x)]^xz{x))]y{x)}- 
^ — ' TO 
i=l 

m ^ 

~ ^{dx\ i^iix) + du,L{x\z{x)\dxz{x)y\\y{x) 

^-^ TO 

1=1 

for any x £ 6* C L)„j. For each xq G 6* arbitrarily fixed, let Ua,;, C 6'be a cube centered 
at xo and using p.304l) for 

m 

y G F, y(x) = n^^'^^')' ^ ^ ^(^-o)' ^'^^=^0 = (3-305) 

i 

we rewrite p.30ip restricted to the cube ZJ^^q C Q 

I Ei{x)Dx= I E2{x)dx (3.306) 

On the other hand, applying Gauss-Ostrogradsky formula to the first integral in p.306p 
we get 

/ Ei{x)dx ~ (p y{x){y^[ ipi{x) + duiL{x;'z{x),dxz{x))]cosuji}dS (3.307) 

and using p.305p we obtain 



= / Ei{x)dx = / E2{x)dx (3.308) 
for any y G Y satisfying ()3.305p where 

m ^ 

E2(x) = {S^\ '4>^{x) + duiL{x;z{x),da:z{x))]}y{x) 

^-^ TO 

= {-dzL{x]z{x),dxz{x)) 

+ ^9„,L(x;z(x),a:,£(x))Mx) (3.309) 

i=l 

Assimilating p.308p as an equation for a linear functional on the space Yx„ = {y G 
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C{D,„):y\oD^„^0} 



0= / Ei{x)dx= / h{x)y{x)dx,yy eY^„ (3.310) 

a standard argument used in the scalar case can be applied here and it shows that 

h{x) ^0 y xeD^„ (3.311) 

where 

m 

h{x) = '^dx,[du,L{x;z{x),dxz{x))] ~ d^L{x;z{x),dxz{x)) 

i=l 

In particular h{xo) ~ where G 0is arbitrarily fixed and the proof is complete. □ 

Remark 3.12.2. The equation (|3.310p is contradicted if we assume that h{x) > Q.It 
is acomplished by constructing an auxiliary function y^ix) = — \x — Xo\'^ on the ball 
X € B{xQ,a) C Dxg which satisfy 



L y^ix) =0, V a; G — boundary of B{xq, a) 

2. Voix) > 0, V a; e intB{xn,cr) 

3. h{x) > 0, V X e int B(xo,a) if a > is sufficiently small 
Define y^ix) — Ofor any x e D^q \ B{xo, a) and 




h(x)yQ{x)dx > contradicting 



3.12.3 Examples of PDE Involving E-L Equation 

(£'i) Elliptic Equations 

Example 3.12.1. Consider Laplace equation 

Az{x) =J29fz{x) =0 
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m m 

on a bounded domain x £ D^ ~ Yi ('^n ^i): — I'^i' associated with a Drichlet 

i=l i=l 

boundary condition z \ dDm = zq{x) where zq G C{dDm). 
Define Dirichlet integral 

D{z)^]^ j \dxz{x)\'^dx , dxz{x) = {diz{z),...,draz{x)), 

and notice that the corresponding Lagrange function is given by 

L{x,z,u) = i|^t|^ w e R" 

// it is the case then compute dzL = and ^ dxi[duiL{x]z{x),dxz{x))] ~ A'z{x) 

i=l 

which allows one to see that (E-L) equation p.303p coincides with the above given 
Dirichlet problem provided {z{x) : x g int Dm} is second order continuously differen- 
tiate 





Example 3.12.2. Consider Piosson rquation Az(x) = f{xO, x € Dm associated 
with a boundary condition z\gD^ = zq, where zq G C{dDm)- 

This Dirichlet problem for Poisson equation can be deduced from (E-L) equation 
()3.303p /^see theorem (E-L))and in this respect associated the following functional 

J{z)^ I {l\2\dxz{x)\'' + f{x)z{x)}dx 

where L{x,z,u) = 1 \ 2|wp + f{x)z, u G K™, z G R, is the corresponding Lagrange 
function. Notice that dzL = f{x) and 

rn 

dx, [du,L{x; z{x), dxz{x))] = Az{x) 

1=1 

allows one to write (E-L) equation p.303p as 

^ ^ 

Az{x) ^ f{x), X e Dm z\dDr„, = Z){x), for zn G C{dDm) ■ 



Example 3.12.3. A semilinear Poisson equation Az{x) ~ fix), x G Dm, associated 
with a Dirichlet boundary condition z\q]j^ = Z)(a;), for zq G C{dDm) can be deduced 
from (E-L)equation p.303p provided we associate the following functional 

J{z)^ I {l\2\dxz{x)\^ + g{z{x))}dx 
where g{z) : R — )■ R is a primitive of f{z) , = f{z) , z G R 

Similarly, the standard argument used in examples \ 3.12.1\ and \3.1272\ lead us to the 
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following non linear elliptic equation 

-^Azix) = z{x)\zix)\P-^ + f{z{x)) , X e D,n 

provided L(x,z,u) = {^KP — ^^l^l'^l^^^ ~ di^)} ^ P ^ ^ where g{z) : ^ ^ ^ is a 

primitive of f{z). Assuming that f{z) satisfy /(O) ~ 0, lim yjf ^ 0: /''^ p = 3 

we take g{z) — \X\z\^ and the corresponding (E-L) equation coincides with so called 
Yang-Milles equation which is significant in Physics. 



{E2) Wave equation 

(1) Consider {x,t) € M'' x M = M"* and a bounded interval Dji C R^. Associated the 
following functional 

J{z) = [ l\2{df\d^z{t,x)\^}dxdt 

Notice that the corresponding (E-L) equation (|3.303p can be written as a wave equa- 
tion 

x) = dtz{t, x) - A^z{t, x) = 0, {t, x) e Di 
("□"d'Alembert operator) 

(2) With the same notations as above we get Klein-Gordan equation(nientioned in 
math. Physics equation) 



az{t, x) + k^z{t, x) = 0, {t, x) e D4 
which agrees with the following Lagrange Function 

1 ^ 

L{x, z, u) = -{(wo)^ - ^{ui)"^ - z^}, u = (wo, ■"1,^2, 1x3) 

i=l 

Adding jz'^ + j z to the above L we get another Klein-Gordon equation 



x) + k'^z{t, x) = \{z{t, x)f + j, {t, x) e D4 

{E3) PDE involving mimimal-arca surface 

Looking for a minimal-area surface z = 'z(x),x € -Dm satisfying 

2^1 = zq (z C{dDra) we associate the functional 

J{z)= f ^l + \d,z{x)\^dx 



The corresponding (E-L) equation p.SOSp is div(T(z))(x) =0, x £ D4 
where T{z){x) = d,z{x) \ + \d^z{x)\^ 
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{E4) ODE as (E-L)equation for m=l 
A functional 



a 



stands for the length of the curve {y{x) : x € [i,^]} and the corresponding (E-L) 
equation (|3.303p is 



I y{a) = Va, y{b) = yb 

The solutions are expressed by linear y{x) = ax + (3, x G K, where a, /3 € K are 
determined such that the boundary conditions y(a) ~ ya, y(b) = yb are satisfied. 



3.13 Appendix III Harmonic Functions; 

Recovering a Harmonic Function from its Bound- 
ary Values 

3.13.1 Harmonic Functions 

A vector field H{x) = {Hi{x), . . . , Hn{x)) : C K" ^ M" is called harmonic in a 
domain V C M" if F e C\V;R") and 



diviJ(2;) = dx,H,{x) = 0, {dx,Hj - dxjHi){x) = 0, i,j G {i, . . . , n} (3.312) 



for any x € V. In what follows we restrict ourselves to simple convex domain V and 
notice that the second condition in (j3.312p implies that H(x) = grad(j)(x) = dx4>{x) 
of some scalar function [H has a potential) where is second order continuously 
differentiable. Under these conditions, the first constraint in p.312p can be viewed 
as an equation for the scalar function </> 




n 



i=l 



n 



= d\YH{x) = div(grad0)(x) = ^ dj(l){x) = A(^(a;) 



(3.313) 



Any scalar function 0(x) : V C M" — > R which is second order continuously differen- 
tiable and satisfies the Laplace equation p. 3131) for x will be called a harmonic 
function on V. 



3.13. APPENDIX III HARMONIC FUNCTIONS 
3.13.2 Green Formulas 
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Let V C M" be a bounded domain with a piecewise smooth bomidary S = dV; 
consider a continuously derivable scalar field ^'(a;) : — >■ K". By a direct computation 
we get {d = {di, . . . ,9„)) 

divV'i? =< d,i/jR>^ip < d,R> + < R, dtp >= i/jA(j)+ < dcp, dtp > (3.314) 

Applying Gauss-Ostrigradsky formula and integrating both terms of equality we get 



ipAcpdx + < d(p,dip > dx = I {divipR)dx 
V Jv Jv 

< m, ipR > dS 

V 

ip < m, R > dS 

s 

tPiDm4>)dS 

s 

which stands for 

< d(j), dip>dx+ 1 ipAcpdx = <h ijj{Dr,i(l))dS (3.315) 
V Jv Js 

Here Dm(p =< rn^dcp > is the derivative of the scalar function (p in the normal 
direction represented by the unitary orthogonal vector m at the surface S = dV 
oriented outside of V. The expression in 13.3151 is the first Green formula and by 
permutation and subtracting we get the second Green formula 



{iPA(P - (PAiP)dx = f [ipiDrnCp) - (piDrnip)]dS (3.316) 
V Js 

Theorem 3.13.1. (a) // a harmonic function h vanishes on the boundary S = dV 
then h{x) = for any x G intV 

(b) If hi and ft,2 oltc two harmonic functions satisfying hi[x) = h2{x), x G 5 = dV., 

then hi{x) — h2{x) for all x G intV. 

(c) // ffl harmonic vector field H[x) satisfies < m, H >= Q on the boundary S ~ dV 

then H{x) = for any x G int V. 

(d) If Hi and H2 are two harmonic vector fields satisfying < m,Hi >=< m,H2 > 

on the boundary S = dV then Hi{x) = H2{x) for any x G intV. 



Proof, (a): Using the first Green formula 13.3151 for (p = ip = h and Ah = we 
get Jy \dh\^dx — and therefore dh = gradh{x) = for any x G V which implies 
h{x) = const, X £ V. Using h{x) — 0, x £ S = dV . We conclude h{x) — for any 
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xeV. 

(6): For h{x) = hi{x) — h2{x) use the conclusion ol (a). 

(c): By hypothesis H[x) = dh{x), x & V, where the potential function h{x), x & V, is 
harmonic, Ah = 0. Using the first Green formula (|3.315l) ioi cj) = = h with Acj) ~ 
and Dmcj} m, H > (x) = for x e S ^ dV.. Wc get 



/ \dh\^dx= [ \H{x)\^dx ^0 andHix) = ior aWx e 
Jv Jv 



V. 



(d): Follows from (c) using the same argument as in (5). The proof is complete. □ 

Theorem 3.13.2. (a) If h{x) is harmonic on the domain V C M" then 
§g{Dmh){x)dS = 0, where D^h —< m,dh> . 

(b) Let B{y, r) d V be a ball centered at y ^ intV, and h is a harmonic function on 

V C M". Then the arithmetic mean value on ^ = dB{y,r) equals the value 
h{y) at the center y, 

h{y)^^^jh{x)dS. 
E 

(c) A harmonic function h{x) : R" — > R which satisfies Imi^,^.^^^ h{x) = Q is vanish- 

ing everywhere, h{x) = 0, for all x G M" 



Proof (a): Use (153TB for (/> = /i, t/; = 1. 

(&): Let B{y,p) C B{y,r) be another ball, p < r, and denote — dB{y,p) the 
corresponding boundaries. Define Vrp = W ~ Q and notice that the boundary S — 
dVrp — J2r U Sp' where W = B{y, r), Q = B{y, p). The normal derivative Dm 
m, 9 > is oriented outside of the domain Vrp and it implies 

Dm. = dr on 

r 

Dm = -dr on 

p 

Take V — Vrp, ip — h, ^ ~ |^_J'|„_^ in the second Green formula f p.316p ). It is known 
that "ip^x), X S V^, is a harmonic function on V (see x ^ y) and as a consequence the 
left hand side in ( p.316p ) vanishes. The corresponding right hand side in ( (|3.316p ) 
can be written as a difference on J^r ^^^'^ X]p ^^"^ the equation ( (|3.316p )lead us to 

/ _ f^^^J_-^^^s = <f [J—^-h—{^)]dS 



Performing the elementary derivatives we get 
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The first term in both sides of the last equality vanishes (see (a)). Let \Si\ be the 
area of the sphere 5'(0, 1) C K" and dividing by We get ^„-i|g^| hdS ^ 

.^,,^§^hdS, where r"-i|5i| = | L = lEpI- Using the continuity 

property of h and letting p — > from the last equality we get the conclusion (6). (c) : 
Using the conclusion of (6) for r — > oo, we get conclusion (c). □ 



3.13.3 Recovering a Harmonic Function Inside a Ball I 



By Using its Boundary Values 



The arguments for this conclusion are based on the second Green formula written on 
a domain V = W — Q, where W = B{0, r), Q = B{y, p) C 5(0, r). This time, we use 
the following harmonic functions on V{dV = S = E,. ]J 

1 r""2 1 

LP = h{x), %p = %p{x) = - —2 (3.317) 

\x — y\ \y\ |a; — y * I 

wher 



are y* = ^y, il){x) = 0, x € = dB{0,r) and Vo(a^) = is 
harmonic on W. The second Green formula becomes 

h{x)^dS = j [^,^(x)~h^ix)]dS (3.318) 

where ^ stands for the derivative following the direction of the radius [y, x], x € . 
A direct computation lead us to 



I ^§{x)dS\ < ci^C2p"-i ^ Oforp ^ 
^\a2M£)rf5| ^cp"-i ^Oforp^O 



(3.319) 



and 



. h^^ds^{n-2)i h^ds ^ , 3j ' ' (3.320) 
/ids (n - 2) I 5i I h{y), forp 



Letting p — > from p.318p we get 



Hy)-j;^^^Jm'J^i^)ds (3.321) 
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It remains to compute on x e and it is easily seen that see tp{x) = const x e 

^{x)^^\ gradi;{x)\ (3.322) 
By definition, y* is taken such that 

\--y\" - "-"-^^-^y^^^yl^J-il^const (3.323) 



\x-y*\^ -2<x,y> ^ + ^ 

for any x e and the direct computation of | grad%p{x) \ shows that 

I grad^Pix) h ^" ' f ' f ''^ A x \= r (3.324) 
r \ x — y \^ 

provided p.323p is used. Using p.322p and p.324p int p.321l) we get the following 
Poisson formula 



r 



2 I „, 12 



V Y I Hx) 



^^^^ " I Si I r f \x-y\^ = 7 ^^""^ ^^-^^^^ 

E E 

where Poisson kernel 

P{x, y) = I ^ > /or any y € S(0, r) (3.326) 

I 5"! I r I X - y I" 

Theorem 3.13.3. Let X{x) : S C R" — > R 6e a continuous function where S = 91^ is 
the boundary of a fixed ball W C R" . Then there exists a unique continuous function 
h{y) : W — > R which is harmonic for y S intW and coincides withX{x) on the 
boundary S. 



Proof. Let r > be the radius of the ballVFand for any y e mtM^ define h{y) as 
follows. 

h{y) = (j) P{x,y)X{x)ds (3.327) 
E 

where P{x,y) = ^ \x-y\^ ^^'^ Poisson kernel (see l\'6.'d'2G^ ) We know that both 
f{y) = ' y S intW and its derivatives y S intW,i € l,2...,n are 

harmonic function. As a consequence the following linear combination 
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n — 2 ^—^ oyi \ X — y ^ \ x — y \^ 

^ n n n 

I I ^ ^ ^ 

1 " 

I r 



--IS. (3.328) 



\x-y\' 

is a harmonic function. In conclusion, h{y), y € intW, defined in ( p.327p is a har- 
monic function. On the other hand, for a sequence {ym}m^i C intW, lim y,„ = 

Xo e S. We get 

<j) P{x, yra)dS ^ l(see ([53^ . /or/i = 1) (3.329) 

hm [ P{x,y,n)dS ^0,whereT.' ^ dB{xo,S)nT.,S > 0, (3.330) 

m ^oo 

and I a; — y,n \^ c> 0,m ^ 1, are used. □ 



Using p.329p and p.330p we see easily that 

lim (f P{x,ym)\{x)ds = \{xq) (3.331) 
E 

and {h{y) : y G W} is a continuous function satisfying 

h{x) = Xix),x eJ2 (3.332) 

A/i(y) = 0, {forall)y e (3.333) 

A continuous function satisfying (j3.332p and p.333p is unique provided the maximum 
principle for laplace equation is used. 
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3.13.4 Recovering a Harmonic Function Inside a Ball II 



By Using its Normal Derivative on the Boundary 



Let h{y) : W C R" ^ i? be a harmonic function and W = B{z, r) C is a ball. 
Then 

'^(y) = E 2^^^ * ^ 1' 2. " (3-334) 

arc harmonic functions on the ball W; 

ip{x) = f—^^ for any x in E = (3.335) 

where is the normal derivative of h on S. The property p.334p is obtained 

by a direct computation the property p.335p uses the following argument. Without 
restricting generality, take z = 0,r = 1, and for y = p.x, |a;| = 1, ^ p ^ 1, rewrite 
h(y) in ([3334| as follows 

Theorem 3.13.4. Let X{x) : ^ C M" — > M &e a continuous function satisfying 
§ \{x)dS = 0, where = dW is the boundary of a hall W = B{z,r) C .Then 
E 

there exists a continuous function h(y) : W ^ R. which is harmonic on y £ intW 
and admitting the normal derivative ^^q'^^ {x G < p 5j 1) which equals X{x) for 
p= I. Any other function ip with these properties verifies 

ip{y) - h{y) = const (V) y(^W. (3.336) 



Proof. The existence of a function h uses the Poisson kernel Pix^y) given in (§3.10), 

p{y) ^ <j) P{x,y)X{x)dS. (3.337) 
E 

Using (§3.16, §3.17) we know that the function {p{y),y £ W} is continuous and 

p{x) = X{x), xeJ2 (3 338) 

A(p{y) = 0, y in int W (varphi is harmonic on int W) 

In addition, using f X{x)dS ~ we get 
E 

ip{0) = <j>X{x)dS = (3.339) 
E 
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Define ^ 

h{y) = h{px) = / ^^dr + h{0) (3.340) 
Jo T 

where if{y) is continuously derivable at j/ = 0, V'(O) = ft.(0) = const (arbitrarily 
fixed). We shall show that h{y) : W is a. continuous function satisfying 

Ah{y) = 0, y € intW {h is harmonic in intW) (3.341) 

dh{px) 



dp 



^ ^ ^^^^ ^ ^^^^^ ^ ^ ^ 

p=i 

For simplicity, take h{0) = 0, and using p.340p for p = 1 we compute 

P{s,y)h{s)dS ^ j> P{s,y)^ j^^ ^^^dr^S j^^ P[s,y)^^dS^dT (3.343) 
E E ° ° E 

By the definition r G [0, 1] fixed, is a harmonic function satisfying (|3.338p and 

p.343p is rewritten as 

j Pis, yMs)dS = J' ^dr = J' = h{y). (3.344) 

where 

{^,re[0,l]}^{^,Ce[0,p]} (3.345) 

and = pr are used. The equation p.344p stands for p.34ip and p.342p is obtained 
from p.340p by a direct derivation. □ 



Bibliographical Comments 



Mainly, it was written using the references [S] and [TO]- The last section 3.9 follows 
the same presentation as in the reference |12j . In the appendices are are used the 
presentation contained in the references [3] and [3]. 



CHAPTER 3. SECOND ORDER PDE 



Chapter 4 



Stochastic Differential 
Equations; Approximation 
and Stochastic Rule of 
Derivations 



4.1 Properties of continuous semimartingales and 
stochastic integrals 

Let a complete probability space {il, F, P} be given. Assume that a family of sub 
CT-fields Ft C F,t G [0,r], is given such that the following properties are fulfilled: 

i) Each Ft contains all null sets of F. 

ii) (Ft) is increasing, i.e. Ft C Fg ii t ^ s. 

iii) (Ft) is right continuous, i.e. f] Ft+s = Ft for any t <T. Let X{t),te [0,T] 

be a measurable stochastic process with values in R. We will assume, unless other- 
wise mentioned, that it is Fj-adapted, i.e., X{t) is Ft-measurable for any t G [0,T]. 
The process X{t) is called continuous if X{t;u!) is a continuous function of t for 
almost all a; G ft. Let Lc be the linear space consisting of all continuous stochas- 
tic processes. We introduce the metric p by \X — Y\ = p{X,Y) = {E[s-ap\X{t) — 

t 
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y(t)|V(l + sup|X(t) - y(t)p])V2 jt is equivalent to the topology of the uniform 
t 

convergence in probability. A sequence {^"} of Lc is a Cauchy sequence iff for any 

e > 0, P(sup \X'^{t) - X™{t)\ > e) ^ ii n,m ^ oo. Obviously Lc is a complete 
t 

metric space. We introduce the norm 1 1 • II by ||X|| = (i;[sup|X(t)|2])V2 and denote 

t 

by Lc the set of all elements in Lc with finite norms. We may say that the topology 
of Lc is the uniform convergence in L^. Since p{X,0) ^ ||^||, the topology by || || is 
stronger than that by p and it is easy to see that is a dense subset of Lc- 

Definition 4.1.1. Let X{t),t e [0,T], be a continuous Ff-adapted process, (i) It is 
called a martingale if E\X{t)\ < oo for any t and satisfies E[X{t)/Fs] — X{s) for 
any t > s. 

(ii) It is called a local martingale if there exists an increasing sequence of stopping 
times (T„) such that Tn f T and each stopped process Xj^^ = X{t/\Tn) is a martingale 
(Hi) It is called an increasing process if X{t;uj) is an increasing function oft almost 
surely ( a.s.) with respect to lo € fl, i.e. there is a P-null set N C Q such that X{t, uj), 
t Cz [0, T] is an increasing function for any w G \ A^. 

(iv) It is called a process of bounded variation if it is written as the difference of 
two increasing processes. 

(v) It is called a semi-martingale if it is written as the sum of a local martingale 
and a process of bounded variation. 

We will quote two classical results of Doob concerning martingales without giving 
proofs. (see A. Friedmann) 

Theorem 4.1.2. LetX{t),t € [0,T] be a martingale. 

(i) Optional sampling theorem. Let S and U be stopping times with values 
in [0,T]. Then X{S) is integrahle and satisfies E[X{S) / FilA)] = X(S AU), where 
F{U) = {Ac Ft : AC^{U ^t}} F{t) for any t G [0, T]} 

(ii) Inequality. Suppose E\X{T)Y' < oo with p > 1. Then 

Esup\X{t)\P ^ qPE\XiT)\P 
t 

where 

1 1 

- + - = 1 

p q 

Remark 4.1.3. Let S be a stopping time. If X{t) is a martingale the stopped process 
X^{t) = X(t A S) is also a martingale. In fact, by Doob's optional sampling theorem 
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we have (for t ^ s) E[X^ {t)\F{s)] = X{t A S A s) = X{S A s) = X^{s). Similarly, 

if X is a local martingale the stopped process X^ is a local martingale. Let X be 

a local martingale. Then there is an increasing sequence of stopping times Sk t T 

such that each stopped process X^'' is a bounded martingale. In fact, define Sk by 

Sk = ini{t > : ^ fc}(= T if {■■■} ^ cj)). Then Sk \ T and it holds 

s\XY>\X^^{t)\ ^ k, so that each X^^ is a hounded martingale, 
t 

Remark 4.1.4. Let be the set of all square integrable martingale, X{t) with 
X(0) = 0. Because of Doob's inequality the norm \\X\\ is finite for any X € M,.. 
Hence Mc is a subset of L^. We denote Alj:'^^ the set of all continuous local martingales 
X(t) such that X(0) = ; it is a subset of Lc- 

Theorem 4.1.5. Mc is a closed suhspace of L^ ■ is a closed subspace of Lc. 

Further more, Mc is dense in Af'°'^. 

Remark 4.1.6. Denote by the set consisting of all random variables h : fl ^ 
R which are Ff-measurahle and E\h\'^ < oo. Then for each X ^ L^ there holds 
E[X{T)/Ft\ = h where h G is the optional solution for 

min E\X(T) - h\^ = E\X{T) - h\^ 
heH^ 

Definition Let X(t) be a continuous stochastic process and A a partition of the 

interval [0,T] : A = {0 = tg < . . . < t^ ~ T , and let \A\ ~ max(ti^i — ti). Associated 
with the partition A, we define a continuous process (X) (t) as 

{xf{t) = J2(x{t,+, - x{t,yf + {x{t) x{tk)Y 

i=0 

where k is the number such that tk ^ t < tk+i. We call it the quadratic variation of 
X(t) associated with the partition A Now let {Aj^ be a sequence of partitions such 
that I Am I — > 0. // the limit of {X) "(i) exists in probability and it is independent 
of the choice of sequence {Am} a.s., it is called the quadratic variation of X(t) and 
is denoted by {X)(t). We will see that a natural class of processes where quadratic 
variations are well defined is that of continuous semimartingales. 

Lemma 4.1.7. Let X be a continuous process of bounded variation. Then the 
quadratic variation exists and it equals zero a.s. 



Proof. Let |X|(t;a;) be the total variation of the function X{s,u}),0 ^ s ^ t. Then 
tliere liolds 

k-l 

and {X)^{t) < (E,td \X{t,+i) - X{tj)\ + \X{t) - X{tk)\) max|X(t,+i) - X{ti)\ 
< |X|(i)max|X(t,+i)-X(t,)| 
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The right hand side converges to for |A| -> a.s. □ 

Theorem 4.1.8. Let M{t)t S [0,T], be a bounded continuous martingale. Let {A„} 
he a sequence of partitions such that |A„| — >■ 0. Then (M)^"(t), t S [0,T], converges 
uniformly to a continuous increasing process {M){t) in L^ sense, i.e., 

Um i?[sup|(A/)^"(<)-(Af)(t)|2]=0; 

n— >oo I 

in addition M'^[t) — {M){t),t G [0,r] is a martingale. 



The proof is based on the foUowing two lemmas. 
Lemma 4.1.9. For any t > s, there holds, 

E[{M)^{t)/Fis)] - {M)^{s) = Emit) - M{s)f\F{s)] 
In particular, M'^{t) - {M)^{t) is a continuous martingale. 



Hint. Rewrite M{t) and M{s) as follows (s < t) 

k-l 

M{t) = M{t) - M{tk) + Y^[M{t,+i - M{t,)] + A/(0), whereife s$ t < tk+i 

i=0 
l-l 

M{s) = M(s) - M{si) + Y^[AL{s,+i) - M(s,)] + Af (0) , where s < si+i 

i=Q 

and A n [0, s] = {0 = So < si < . . . < si}. On the other hand 

fe-i 

E[{M{t)-M{s)r/F{s)] = E[{M{t)-AI{t,)r+ Y.iM{t,+,)-M{t,)f 

i=l + l 

+ {M{si+,)-M{s)r/Fis)] (4.1) 

where ti+i = s/^i and 

E[{M{t,+,) - Af(i,))(M(t,+i) - M{tj)]/F{s)] 
= E{E[{M{t,+,) - M{tMMit,+i) - M{t,))/F{t,+,)]lF{s)} = (i/z > ^.2) 

are used. Adding and subtracting M'^{s) = M{s) — M{si)Y + Y^^~X{M{si+i) — 
M{si)Y the first conclusion which can be written as a martingale property. 

Lemma 4.1.10. It holds 

lim E[\{M)^-{T) - (A/)'^'"(r)|2] = 0. 
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Theorem 4.1.11. M{t) be a continuous local martingale. Then there is a contin- 
uous increasing process {M){t) such that (Af)'^(t) converges uniformly to {M)(t) in 
probability. 



Corollary 4.1.12. AP{t) - {M){t) is a local martingale if M{t) is a continuous local 
martingale. 

Theorem 4.1.13. Let X{t) be a continuous semi-martingale. Then {X)'^{t) con- 
verges, uniformly to {M){t) in probability as |A| — >■ 0, where M{t) is the local mar- 
tingale part of X(t) 



Stochastic integrals Let M{t) be a continuous local martingale and let f{t) be a 
continuous F{t) adapted process. We will define the stochastic integral of f{t) by the 
differential dM{t) using the properties of martingales, especially those of quadratic 
variations. Let A = (0 = io < • • ■ < = ?") be a partition of [0, T]. For any t G [0, T] 
choose tk of A such that tk ^ t < tk+i and define 

k-l 

L^it) = E fit^)iM{k+i) - M{t,)) + f{tk)){M{t) - M{tk)) (4.3) 

It is easily seen that L^it) is a continuous local martingale. The quadratic variation 
is computed directly as 

- {M){t,)) + f^{tu){{M){t)-{M){tu)) f\f''{s)\'d{M){s) (4.4) 

where f^{s) is a step process defined from /(s) by f^{s) — f{tk) if tfc ^ s < tk+i. 
Let A' be another partition of [0,T]. We define {t) similarly, using the same /(s) 
and M{s). Then there holds 

{L^-L^'){t)= /V(^)-/('^)'lMM)(s). 
Jo 

Now let {A„} be a sequence of partitions of [0, T] such that |A„| — >■ 0. Then (L^" — 
L^'^){T) converges to in probability as n,m, — > oo. Hence {L^"} is a Cauchy 
sequence m M^°'=. We denote the limit as Lit). 



Definition 4.1.14. The above L{t) is called the ltd integral of f{t) by dM{t) and is 
denoted by L{t) = f{s)dM{s). 
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Definition 4.1.15. Let X{t) be a continuous semimartingale decomposed to the sum 
of a continuous local martingale M{t) and a continuous process of bounded variation 
Ait) 



Let / be an i^(t)-adapted process such that / G L'^{{M)) and 
lo \fis)\d\A\{s){oo. Then the Ito integral ol f{t) by dX{t) is defined as 

f{s)dX{s)= f f{s)dM{s)+ f f{s)dA{s) 



Remark 4.1.16. /// is a continuous semimartingale then f{s)dX{s) exists. We 
will define another stochastic integral by the differential "odX (s) s G [0,t] f{s) o 
dX{s) = limiAKo [Eto + f{U)){X{t^+i) - X{t,)) 

+ \{f(t) + f{tk)){Xit)-X{tu))^ 

Definition 4.1.17. If the above limit exists, it is called the Fisk-Stratonovich integral 
offis) bydX{s). 



Remark 4.1.18. /// is a continuous semimartingale, the Fisk-Stratonovitch integral 
is well defined and satisfies f{s) o dX{s) = f{s)dX{s) + ^{f,X){t) 



Proof. Is easily seen from the relation 

fe-i 

2 



E + fimxit,+,) - x{t,)) + + f{tk)){x{t) - 

fe-1 

E /(t.)(^(t.+i) - X{ti)) + f{tu){X{t) - X(tu)) + (4.5) 



where the joint quadratic variation 

fc-i 

(/, X)^(t) = E(/(i'+i - f{U)){X{t,+i - X{ti)) + (/(t) - f{tk)){X{t) - X{tk)) 

4=0 

and k is the number such that tk ^t < tk+i- □ 



Tiieorem 4.1.19. Let X andY be continuous semi-martingales. The joint quadratic 
variation associated with the partition A is defined as before and is written {X,Y)'^. 
Then {X,Y)'^ converges uniformly in probability to a continuous process of bounded 
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variation {X,Y)(t). If M and N are local martingale parts of X and Y, respectively, 
then {X,Y) coincides with {M,N) 



Remark 4.1.20. Let w(t) = (w^{t), . . . ,w"^{t)) be an m- dimensional {Fi^i-^)- adapted 
continuous stochastic process. It is an (F(^t.^)- Wiener process iff each w^{t) is a scalar 
Wiener process with the joint quadratic variation fulfilling {wi,Wj){t) = 6ijt where 
6ii ~ 1 and Sy = i =/= j 



4.2 Approximations of the diffusion equations by 
smooth ordinary differential equations 



The m-dimensional Wiener process is approximated by a smooth process and it allows 
one to use non anticipative smooth solutions of ordinary differential equations as ap- 
proximations for solutions of a diffusion equation. It comes from Langevin's classical 
procedure of defining a stochastic differential equation. By a standard m-dimensional 
Wiener process we mean a measurable function w{t,uj) E R™, (t;w) G [0,oo) x fl 
with continuous trajectories w{t,Lu) for each tu such that w{0,uj) ~ 0, and ii ) 

E{wi2)) - W{ti)/Ft,) = 0, «2) ^^([^(^2) - W[ti)][w{t2) - W[ti)]^/Tt,) = I,n{t2 - tl) 

for any ^ ii < t2, where ($7, J^, P) is a given complete probability space and Ft C F 
is the (T-algebra generated by (w(s), s ^ t). The quoted Langevin procedure replaces 
a standard m-dimensional Wiener process by a non-anticipative process Vg {t) (see 
Vs{t) is Ft measurable) as follows 

Ve{t)^w{t)- ( (exp-/3(i-s))dw(s), /3 = -,e|0 (4.6) 
Jo £ 

where the integral in the right hand side is computed as 

w{t) — j3 I w{s){exp — (3{t — s))ds (the integration by parts formula) (4.7) 
Jo 

Actually, Ve{t), t £ [0,r], is the solution of the following equations 

= -(3v,{t) + Pw{t) = I3{w{t) - v,{t), v,{0) = (4.8) 

and by a direct computation we obtain 

E\\v^{t) - w{t)\\^ e, t e [0,r] (4.9) 



Rewrite We(<) in (|4.6p as 

V,{t)^w{t)-7],{t), 
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where ^ 

rieit)^ / c^p - /3{t ~ s)dw{s) (4.10) 
Jo 

fulfills drj'^ = —f5rfdt + dw'^{t), i ~ 1, . . . ,m, and 

iO. (4.11) 

dt e 
Now, we are given continuous functions 

fit, x),gj{t, x) : [0, T] X i?" ^ i?", j = 1, . . . , m, 

such that 

J z) /, are bounded, j = 1, . . . , m 

jM)||/i(t,a;")-/i(t,a;'|| (V)a;', cc" G i?", t € [0,r] 

where L > is a constant, /i = /, .9j- In addition, we assume that {gj G C(J^'^([0,r] x 

^•j i^%L^ '§tSx^ ~§a^'J ~ Ij ■ • ■ &re continuous and bounded functions. Let 

xo{t) and x^{t),t £ [0,T], be the solution in 

dx= [/(t,a;) + -^^(f,x)g,(i,a:)]dt (4.12) 

■i— 1 

m 

+ ^g^{t,x)dwl^), x{0) =^ xq 

i=l 

and 

— = fit, x)+Y, ^)^^' ^(0) = ^0 (4.13) 

i—l 

correspondingly, where Ve{t) is associated with w{t) in (|4.6p and fulfills (|4.8p - (|4.1ip . 
It is the Fisk-Stratonovich integral (see "o" below) which allow one to rewrite the 
system (|4.12p as 

m 

dx^ f{t,x)dt + ^g,{t,x)odw\t),x{0) ^ xq, (4.14) 

1=1 

where 

gt{t,x) o dw*(t) gi{t,x)dw''{t) + --^{t, x)gt{tx)dt 



Theorem 4.2.1. Assume that continuous functions fit, x),gi{t,x),t £ [Q,T],x £ i?", 
are given such that (a) and {j3) are fulfilled. Then lim^-yo -E'll^^elO ~ 2;o(i)|P — Q, t £ 
[0,r], where XQ{t) andx^{t) are the solutions defined in (|4.12p and, respectively, 
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Proof. Using (|4.12p wc rewrite the solution Xe{t) as 

x,{t)^xo+ f{s),x,{s))ds + J2l3 vlis)g^is,x,is))ds, te[0,T] (4.15) 

and from Ft-measurability of rj^it) we obtain that Xi,(t) is J-"t-ineasurable and non- 
anticipative with respect to {J^t}, t € [0,T]. Therefore, the stochastic integrals 

f gi{s, x^{s))dw''' {s) and / gi{s,Xf;{s))dril{s) are well defined, and using (|4.10p we 

"'0 



obtain 

t pt pt 

gi{s,Xe{s))dijl{s) = -13 / gi{s,Xe{s))r]l{s)ds + / gt{s,Xe{s,Xe{s))dw\s). 
Jo Jo 

(4.16) 

Step 1 



Using (|4.15p in (j4.15p there follows 

pt ™ pt 

Xe{t) = xo+ f{s,Xs{s))ds + / gi{s,Xe{s))d'w'-{s) 
Jo ^0 

- ^ / ff,(s„a;e(s))d77^(s), [0,r] (4.17) 
i=l -^0 

In what follows it will be proved that (see step 2 and step 3) 



t 1 /.t 



g,{s,x,{s))dTjl{s)^^ 1 ^{s,Xe{s))g,{s,x,{s))ds + Ot{e) (4.18) 



^ ^0 



where i?||Ot(£)|p cie, (V) t G [0,r], for some constant ci > 0. Using (|4.18p in 
(|4.17p we rewrite (j4.17p as 



Xe{t) = ^0 + J [/(s,a;e(s)) 

+ 2E^(^'^^^(«))ff'(^'^-(«))]^«Ey g^is,x,is))dw\.s) + Oti(U9) 



1=1 i=l 

2 



where i?|Ot(e)|p ^ cie 



The hypotheses (a) and (/?) allow one to check that 

f{t,x) ^ f{t,x) + I^f2^{t,x)g,{t,x) 

and gi{t^x) fulfil (a) also but with a new Lipschitz constant L. 
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The proof will be complete noticing that 



ft 

E\\x,it) - xoim^ ^ C2 I E\\x,{s)-xois)\\^ds + C3e, te[0,T] (4.20) 

JQ 

for some constants C2, C3 > and Gronwall's lemma applied to ()4.20p implies 

E\\xe{t) - xa{t)\\^ ^ ec3(expr,J = ea (4.21) 
which proves the conclusion. 



Step 2 



To obtain (|4.18|) fulfilled we use an ordinary calculus as integration by parts formula 
(see Xe{t) is a function in t G [0,r]). More precisely 



gi{s,Xeis))dr]l{s) = -g.,{t,Xeit)r]l{t) + J 7jl{s)(^-^g,{s,x,{s))jds 
f2j^^{s,x,{s))g,{.s,x,{s))^ril{s)ds 



Here 



+ OUs)^Y.T,,{t)+Olis), (4.22) 



Tij{t) = I ^{s,Xe{s))gj{s,Xe{s)) '^^''J^^^\ l{s)ds and 







Oj(£)= / Vlis) -^is,x,{s)) + -^{s,x,is))f{s,xM) 



ds 

',{t,x,{t))vil{t) 



satisfies 



E\\Ol{eW i^ke,te[Q,T], (4.23) 



(see i?||77*(i)|p ^ e in (|4.10|) and ~q~'^ ^^'^ bounded). On the other hand, 

= p-qiit) (see (|4ll|) ) and using l3-ql{t)dt = dw^ (t) - d77;|(t) (see (|4l0| ) we obtain 
that in fulfils 

= - f g,,{s,xMWe{s)d7i{s)+el{e), (4.24) 
^0 
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where gij{t,x) = -^{t,x)gj{t,x) and 
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satisfies 

E\\e^{e)\\' ^k2e,t€[0,T] 
(see gij bounded and i?||?7^(t)|p ^ e). 



(4.25) 



Step 3 



(a) For i ~ j we use formulas 



r,l{t) = iexp-pt)^llit),^,lit)= / (exp/3s)du;*(s) 

Jo 



{r]l{t)y ^ (exp- 2/3t)(/x^(t))^ = (exp- 2/3t) / 2(cxp2/3s)?7^(s)d«;*(s) + / (exp2/3s)ds 



2 r;;(s)d77j(s) 



Tu{t) 



We get 



g,,(s,z,(s))r7^(,s)dr;^(,s) + 02(^,) (^^^ g^l) 



= / 5..(s,xe(s))ds 5,,(s,a:e)d(?7^(Or 



1 



5i^(s,X£(s))ds - -gu{t,Xe(t)){r]l{t)) 







1 

2 JO 
1 



t ^ 



ds" 



gu{s,Xeis))ds + Otie). 



(4.26) 



Here 



Oiie)^9i{s)--ju{t,x,mvlit)y 

\ Jo + ^is,Xeis))f{s,Xe{s)) 

+/5E^(^'^-(^))5.(^'^e(s))r?^(.s)l (r?:(s))^ds 
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fulfils i?||Oj(e)|p ^ taking into account that 

E\\9^{e)\\^ ^he{see^M), E{r^l{t)f = {c^p - 2pt)E{ji'^{t)f ^ e (4.27) 

In addition, write (7?*(t))^ = (exp - 2/3t)(/x^(i))2, where (p-lit))'^ = a,{t) + b{t) is the 
corresponding decomposition using martingale ai{t) = 2/i*(s)(exp/3s)(iw'(s) and 
b{t) ^ /p(exp2^s)ds. Compute {vl{t))'^ = (exp - A(3t)[ai{t))^ + {b{t))^ + 2ai{t)b{t)] 
and i7jl{t)f = (exp - 6/3^ [(a* (0)^ + (KO)^ + 3(a,(0)'6(i) + 3ai(t)(6(t))2]. Noticing 
that ai{t), t G [0,T], is a martingale with 0^(0) = we can prove (exercise!) that any 
(a,(i))'"(m = 2,3) satisfies 

where fi{t) = 2(exp/3t)/i*(t) and ai{t) = fi{s)dw^{s). We get 

E{ril{t)f (const) E{if^{t)f (const) i e [0,r] (4.28) 

and the conclusion i?||0((e)|p ^ (const)e used in ()4.26p follows directly from (|4.27p 
and (11251) • 

(b) For any i ^ j, there holds 

T,,it) = - f g,,{s,x,{sMis)dr,iis)+eUe) (see (17)) 
Jo 

where 

dr]i{s) = -I3r)i{s)ds + dw^ (s) (see (|4lT)ll l (4.29) 

Using (|4.29p in (|4.24p for i ^ j we obtain that ril{t),r]i{t) are independent random 
variables and 

'^vit)^~ll g^J{s,x,is))d[r,l{s)viis)]+et{e) + ^tie), (4.30) 
where ^ 

Jo 

satisfies _ 

£^||Ot(e)|p < (const)e (seeg.y is bounded and£:(77*(s))2 e) (4.31) 
Integrating by parts the first term in ()4.30p and using 

Eivm'ivmr ^ (const)^^, £;(7y^(i))^(r/^(i))'('ys W)' < (const)^^ (4.32) 
we finally obtain 

T,j{t) = d^{e)withE\\dU£W ^Ce,t€ [0,T] (4.33) 
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Using (11211), in we find fulfilled. The proof is complete □ 



Remark 4.2.2. Under the conditions in theorem (j4.2.ip it might be useful to notice 
that the computations remain unchanged if a stopping time r : 57 — > [0,r], {tu : t ^ 
t} G Tt, {y)t e [0,T], is used. Namely 

\imE\\x,{tAT)-xo{tAT)\\^ = (V) i G [0,r], 
if the random varieble t : CI ^ [0,T] is adapted to {Tt} {uJ '■ t ^ t} € Ft for 

te[o,T]. 



Proof. By definition 



Xe[t A r) = xo + 



xo{t A r) = xo + 
where 



f{s,x^{s))ds + Y^^J^ gj{s,Xe{s)-^{s), 

l't/\T ^ J"- I'tAT 

/ f{t,xo{s))ds + Y, 9j{s,xo{s)dw'{s),te[0,T] 
Jo „_i Jo 



fit,x)^fit,x) + -Y,-^{t,x)g,{t,x). 



1 if t(w) ^ t 
if t(w) < < 



Using the characteristic function 
which is a non-anticipative function, we rewrite ye (t) = (t A r) and yo (t) = Xo A r) 



as 

rt in pt 



{*) ye{t)^xo + 



/ x{s)f{s,yeis)ds + Y] / x(s)ffi(s,2/e(s)- 
-'0 1 = 1 "'o 



ds ' 



(**) yo{t) = xo+i x{s)f{s,yo{s))ds + xis)gj{s,yois))dw\s). 

Jo ^-^1,'" 







Now the computations in Theorem 14.2.11 repeated for (*) and (**) allow one to obtain 
the conclusion. □ 



Remark 4.2.3. Using Remark 1 we may remove the boundedness assumption of f,gj 
in the hypothesis [a) of Theorem \4-.2.1\ That is to say, the solutions Xi;{t),xo{t), t G 
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[0, T], exist assuming only the hypothesis {a, (ii)) and and to obtain the conclusion 
we multiply f,gj by a C°° scalar function ^ a^ix) ^ 1 such that a^ix) = I if 
X € S]\[{xo) , aAr(a;) =0 if x G i?" S'2Ar(a;o) where Sp{xo) C i?" is the ball of radius p 
and centered at xq. We obtain new bounded functions 

f''{t,x)^f{t,x)a^{x), g^{t,x)^g,{t,x)a^{x) 

fulfilling (a) and (/?) of Theorem \4. 2. 1\ and therefore liirig^o -^'H^^f*' {t) — Xq = 

(y)t € [0,T], where x^ {t) and Xq (t) are the corresponding solutions. On the other 
hand, using a stopping time (exit ball time) 

tn{uj) = inf{t ^ : xo(t,w) ^ SNixo)} 

we obtain Xo{t A tn) = Xq {t A tn), t £ [0, T] (see Friedmann) where xo{t), t <E [0, T] 
is the solution of the equation ()4.12p with f,gi fulfilling {a,ii) and 



Finally we obtain: 
c) lim E\\x^ {t A tn) - xo{t A tn)\\'^ = 

for any t g [0,T], and for arbitrarily fixed N > 0. The conclusion (c) represents the 
approximation of the solution in (|4.12p under the hypotheses {a,ii) and 

Remark 4.2.4. The nonanticipative process v^^t), t € [0,T], used in Theorem \4- -2.11 
is only of the class with respect to t £ [0,T], but a minor change in the approxi- 
mating equations as follows {/S — s I 0) 

e 



dve dyi dyu-i 

— (t) = yi, £— = -t/i + ?/2, ■ • ■ , £ = -Vk-i + Vk 

edyk = -ykdt + rfw(t), t e [0,T], yj{0) = 0, j = 1, . . . fc, «e(0) = 



will allow one to obtain a non-anticipative Ve{t),t £ [0,T] of the class C^ , for an 
arbitrarily fixed k. 



4.3 Stochastic rule of derivation 



The results contained in Theorem 14.2.11 and in remarks following the theorem give the 
possibility to obtain, in a straight manner, the standard rule of stochastic derivation 
associated with stochastic differential equations ( SDE.) (6^) when the drift vector 
field f{t,x) £ i?" and diffusion vector fields gj{t,x) £ i?", j £ {!,..., m} are not 
bounded with respect to {t,x) £ [0,T] x i?". More precisely, we are given continuous 
functions 
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f{t,x),gj{t,x) : [0,r] xi?"^i?",j = l,...,m 

such that 



(1) \\h{t,x") - h{t,x')\\ < i||a;"-a:'||, for any x\x" eK^,te [0,r] where L > is 
a constant and h stands for / or pj, j e {1, . . . , m} 

(2) gj e Cl'^{[0,T] X E") i.e. dtgj,d^gj,d^^gj and a^^^j, j e {l,...,m} are con- 
tinuous and bounded functions 

Consider the following system of SDE 

m 

(3) dx = f{t, x)dt + gj{t, x) o dw-' (t), x(0) = xq, t G [0, T] where Fisk-Stratonovich 
integral "0" is related to It 6 stochatisc integral "." by 

gj{t,x) o dw^{t) gj{t,x) • dw\t) + ^[dxgj{t,x)]gj{t,x)dt 

Assuming that {/, gj,j ~ 1, . . . , m}, fulfil the hypotheses (1), (2) then there is a 
unique solution x{t) : [0, T] — >• i?" which is a continuous and F(-adapted process 
satisfying the corresponding integral equation 

(4) x{t)=xo+ / f{s,x{s))ds + y] / gj{s,x{s))odw^{s),te[0,T] 

(see A. Friedman). Here w{t) = {w^ (t) , . . . , w"" (t) : [0,7] ^ i?™ is the stan- 
dard Wiener process over the filtered probability space {fl, {J^t} -^i P} and 
{J^t,t G [0,T]} C is the corresponding increasing family of cr-algebras. Con- 
sider the exist ball time 

def 

(5) T = inf{t € [0,T] : x{t) ^ B{xo,p)} associated with the unique solution of (4) 
and the ball centered at xo G i?" with radius p > 0. 

By definition, each set {w : r ^ <} belongs to J^t, < G [0, T] and the characteristic 
function Xr(t) : [0,r] -> {0,l},Xr(t) = 1 for r ^ t, Xr(t) = for r < <, is an 
J^t-adapted process 

Theorem 4.3.1. (.stochastic rule of derivation) 

Assume that the hypotheses (1) and (2) are fulfilled and let {x{t) : t G [0,T]} be 
the unique solution of (4). 

Define a .stopping time t ; — >■ [0,T] as in (5) and consider a smooth scalar 
function ip G C^'^([0,T] x i?"). Then the following integral equation is valid 
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(6) Lp{thT, x{t At)) = Lp{Q,xa) + j^'^''[ds(p{s,x{s))+ < dxLp{s,x{s)), 

f{s,x{s)) >]rfs + Ejli /o^^ < dx^{s,x{s))gj{s,x{s)) > odw^{s), 
t £ [0,T] 

where the Fisk-Stratonovich integral "0" is defined by 

hj{s, x{s)) o dw^ (s) — hj{s, x{s)).dw^ (s) + ^[dxhj{s, x{s))]gj (s, x{s))]ds 

using ltd stochastic integral ". ". 



Proof. Denote a{t) = ip{t,x{t)) G R, z{t) = co\{a{t),x{t) G K^, t e [0,T] where 
{x(t),t e [0,T]} is the unique solution of (4) and ip £ C^'^{[0,T] x R") is fixed. 
Define new vector fields f{t,x) = col{ho{t,x), f{t,x) G 



(7) gj{t,x)=co\{hj{t,x),gj{t,x)) G j G {1, . . . , m}, 
where 

def 

ho{t,x) = dtip{t,x)+ < dxip{t,x)J{t,x) > 
and 

hj{t, x) =< dxtp{t, x),gj{t, x) >,{t,x) G [0, T] xi?", j G {1 • ■ ■ , m}, z = col(a, x) G 

Let 7(x) : i?" [0, 1] be a smooth function (7 G C°°(i?")) such that 7(0;) = 1 
if a; G B{xo,p), j{x) = if a; G i?" \ B{xo,2p) and ^ ^{x) ^ 1 for any 
X G B(xq, 2p) \ B{xo, p), where p > is fixed arbitrarily. Multiplying / and gj 
by 7 G C°°(i?") we get 

(8) fP{t,x) ^{x) f{t,x), gj{t,x) ~ '^{x)gj{t, x), j = l,...,m, as smooth func- 
tions satisfying the hypothesis of Theorem 14.2.11 and denote {zP{t),t G [0,T]} 
the unique solution fulfilling the foloowing system of SDE. {zP{t) = {a^ (t) , x^ (t)) 

(9) zP{t)^zn+ / fP{s,xP{s))ds + y] / gP{s,xP{s))odw'{s), t G [0,r], where 

Jo Jo 

zq — co\{ip{0,xo),xo) G and 

g^{s,xP{s)) o dw^){s) = g^{s,xP{s)) • dw^is) + x''(s))]5;(s, a;''(s))ds. 

In particular, for t G [0,t] and using the characteristic function Xrit), 
t G [0,r], (see (5)) we rewrite (9) as 

(10) zP{tAT) = zo+ Xr(s)/(s,.T(s))ds + V / xa{s)9j{s,x{s)) o dw{s) for any 
Jo Jo 

t G [0,r], where zP{tAT) = [aP [t A t) , x{t A t)) and gj{f) are defined in (7). 

Using Remark [4.2.31 we get 

(11) 

lim E\\zP{t) - zP{t A r)|| = 0, for each t G [0,T] 
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def 



Here = zP{t A T),t G [0,r], verifies the following system of ODE. 
(12) 



z(0) ^ za = {ip{0,xo),xo) 



dt 



where the vector fields fjQj, / G {!,■■• ™} are defined in (8) and fulfil the hypothesis 
of Theorem IMIIl By definition, = {aP{t),xP{t),t G [0,T], and (12) can be 

rewritten as follows 



(13) 



dt 

dxP{t) 
dt 



= Xrit)l{xP{t)) k(t, XP{t)) + Y,h,{t, xP{t)) 



dvi(t) 



dt 



xr{t)i{xp{t)) [fit. ^m) + Y.9jii. <w) 



dvm 
dt 



aP{0) = (^(0,xo), xPM = xo,te [o,r], 



where the scalar functions hi, i e {0, 1, . . . , m}, are given in (7). 



In a similar way, write zP{t) = {aP{t),xP{t)),t £ [0,T] and using (10) we get that 
'(t A r) = a''(0 and x''(i A t) = xP{t), t e [0, T] fulfil the following system of SDE. 



(14) 



aP{t) = ip{0,xo) + / Xris)ho{s,x{s))ds + / Xris)hj{s, x{s)) o dw^ (s) 

JQ „_i Jo 



x(t A r) = x''(i) = xo + / Xr(s)/(s,a:(s))ds + / Xr(s)5i(s, a;(s)) o dw^ (s) 



'o 



Notice that a§(t) = cp(t A t, x§(i)) and xP{t),t G [0,T], e > 0, are bounded and 
convergent to aP{t),x{t A t) = xP{t), correspondigly, for each t e [0,T] (see (11)), 
when e — >• 0. 



As a consequence 
(15) 



ip{t A T, x{t A r)) = lim ip{t A t, xPJt)) = lim aPJt) = aP{t) = 

e— >0 e— >0 



)+ / ho{s,x{s))ds + hj{s,x{s))odw\s),te[Q,T] 
Jo Jo 



= </'(0,xo 

and the proof of the conclusion (6) is complete 



□ 
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Comment on stochastic rule of derivation 

The stochastic rule of derivation is based on the hypothesis (2) which involves higher 
differentiability properties of the diffusion vector fields 

& Cl''{[0,T] X R";R^),j e {1, . . . ,m} 

On the other hand, using a stopping time r : — )• [0, T], the right hand side of the 
equation (6) is a semimartingale without imposing any growth condition on the test 
function (/? £ C^'^{[0,T] x i?"). The standard stochastic rule of derivation does not 
contain a stopping time and it can be accomplished assuming the following growth 
condition 



(16) \dMt,x)\, \d,Mt, x)l \dl,^ipit, x)\ ^ k{i + \\x\\p), hj e {1, . . . 

X € i?", where p ^ 1 (natural) and A: > are fixed. Adding condition (16) to the 
hypotheses (1) and (2) of Theorem l4.3.11 and using a sequence of stopping times 
Tp : ^ [0, T], lim Tp — T, we get the following stochastic rule of derivation 

p— >oo 



(p{t,x{t)) = (p{0,xo) + / [dsip{s,x{s))+ < dxipis,x{s)),f{s,x{s)) >]ds+ 
Jo 

(17) m „t 

+ V / <d^^Lp{.%x[s)),gj[s,x{s))> odw'{s),te[Q,T\ 

.7=1 



4.4 Appendix 



I. Two problems for stochastic flows asociated with 
nonlinear parabolic equations 



(I. Molnar , C. Varsan, Functionals associated with gradient stochastic flows and 
nonlinear parabolic equations, preprint IMAR 12/2009) 



4.4. APPENDIX 

4.4.1 Introduction 
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Consider that {x^{t; X) : t G [0, T]} is the unique solution of SDE driven by complete 
vector fields / G (Cb n Cl D C^){R"; M") and g € (C^J n C2)(E"; M"), 

dtX = ^iX)fix)dt + gix)odwit),te [0,r], a-eM", 
x(0) = A e R", ^ ■ 

where (/3 S (C^ nC^)(M") and u'(t) € R is a scalar Wiener process over a complete 
filtered probability space {H, T D {J^t}, P}- We recall that Fisk-Stratonovich integral 
"o" in (|4.34p is computed by 

g{x) o dw{t) = g{x) ■ dw{t) + —dxg{x) ■ g{x)dt, 
using Ito stochastic integral "•" . 



We are going to introduce some nonlinear SPDE or PDE of parabolic type which 
describe the evolution of stochastic functionals u{t,x) := h{ip{t,x)), or S{t,x) := 
Ehix^{T;t,x)), t e [0,T], x € M", for a fixed h G {ClnC^)(R."). Here {A = ipit,x) : 
t € [0,r],a; G R"} is the unique solution satisfying integral equations 

A) = a- e R", t e [0,T]. (4.35) 

The evolution of {S{t,x) : t € [0,r],a; e i?"} will be defined by some nonlinear 
backward parabolic equation considering that {x^{s;t, x) : s € [t,T],x e i?"} is the 
unique solution of SDE 

dsX = ip{ip{t,x))f{x)ds + g{x) o dw{s), s G [t,T], 
x{t) = a; e R". 



4.4.2 Some problems and their solutions 

Problem (PI). Assume that g and / commute using Lie bracket, i.e. 

[5,/](a;) = 0, xeR", (4.36) 
where [gj]ix) := [dxg{x)]f{x) - [dxf{x)]g{x), 

TVK = pe[0,l), (4.37) 
where V ^ snp{\dx(p{x)\ : x <E R}" and K = sup{|/(x)|; a; e R"}. 
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Under the hypotheses (|4.36p and (|4.37p . find the nonlmear SPDE of parabolic 
type satisfied by {u{t,x) = h{iP{t,x)) :G [0,r],a; e R"}, h e {Cl nC2)(M"), where 
{A = ip{t,x) G M" : t G [0,T],x S M"} is the unique continuous and J't-adapted 
solution of the integral equation (|4.35p . 



Problem (P2). Using {A = ip{t,x)} found in (PI), describe the evolution of a func- 
tional S(t, x) := Eh{x^{T] t, x)) using backward parabolic equations, where {x^{s] t, x) 
s G [t,T]} is the unique solution of SDE 

r dsS ^ ^{iit, x))f{x)ds + g{x) o dw{s), s G [t, T] 

\ x{t) ^xe M". ■ 



4.4.3 Solution for the Problem (PI) 



Remark 4.4.1. Under the hypotheses (|4.36p and (|4.37p of (PI), the unique solution 
of integral equations (|4.35p will be found as a composition 

^it,x) = ii{t,zit,x)), (4.39) 

where z{t,x) := G{—w{t))[x] and A = ^{t,z), t G [0,T], z G M", is the unique 
deterministic solution satisfying integral equations 

A = F(-6l(t; A))[z] =: V{t,z-X), t G [0,r], z G R". (4.40) 

Here F[a)[z\ and G{t)[z\, ct, t G M, are the global flows generated by complete vector 
fields f and g correspondingly, and 9{t;X) = tip{X). The unique solution of (|4.40p is 
constructed in the following 

Lemma 4.4.2. Assume that (|4.37p is fulfilled. Then there exists a unique smooth 
deterministic mapping {A = ip{t,z) : t G [0,T],x G M"} solving integral equations 
(|440l) such that 

' F{0(t;i^{t,z)))m,z)] = z G M", t G [0,T], 

r(T z) (4-41) 

\i^it,z) - z| R{T,z) ^ ' t G [0,T], where r(T,z) = TK\ip{z)l 

I- p 

r dt^{t,z) + dM,z)f{z)vm,z))=Q,tG[Q,T],xeW, 
{ ^ 4.42 
\iP{Q,z) = z(^W. 



Proof. The mapping V{t,z;\) (see (|4.40p ) is a contractive application with respect 
to A G K"; uniformly of {t,z) G [0,T] x R" which allows us to get the unique solution 
of (|4.40p using a standard procedure (Banach theorem) . By a direct computation, we 
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get 

\dxVit, z- A)| = \f{V{t, z- \))dxe{t- A)| s; TVK = p G [O, l), (4.43) 

for any t G [0, T], z G M", A G M", where d\6{t; A) is a row vector. The corresponding 
convergent sequence {Xk{t,z) : t G [0,T],z G M"}fej,o is constructed fulfilhng 

Xo{t,z) = z, \k+i{t,z) = V{t,z-\u{t,z)), t ^ 0, (4.44) 

r|Afe+i(i,z)-Afc(i,z)| s;/|Ai(i,z)-Ao(t,z)|, fc^O, 

< ^ 4.45) 

[ |Ai(<, z) - Ao(t, z)\ <k \V(t, z- z)~z\^ TK\^>{z)\ r(r, z). 

Using (|4.45p we obtain that {Afc(i, z)}fc^o is convergent and 

^(t, z) ^ hm Afc(t, z), |V^(t, z) - z| s; llZlil t G [0, T]. (4.46) 

Passing fc — J- 00 into (j4.44p and using (|4.46p we get the first conclusion (|4.4ip . On the 
other hand, notice that {V{t, z; \) : t e [0,T], z e K"} of ((440| fulfils 

%y(t,A);A) = A, iG [0,r], where y(<, A) = F(0(t; A))[A]. (4.47) 

This shows that all the components of V{t, z; A) G M" are first integrals associated 
with the vector field /a(z) = i^(A)/(2), z G K", for each A G R", i.e. 

dtV{t, y{t, A); A) + [d.V{t, y{t, A); A)]/(y(t, A))^(A) = 0, t G [0, T] (4.48) 

is valid for each A G M". In particular, for A = ^j{t,z) we get y{t,ip{t, z)) = z and 
(|4.48p becomes (H-J)-cquation 

dtV{t, z; V^(<, z)) + [d.Vit, z; ^{t, z)]f{z)ip{i^{t, z)) = 0, < G [0, T], z G R". (4.49) 

Combining (|4.40p and ()4.49p . by direct computation, we convince ourselves that A = 
'tp{t,z) fulfils the following nonlinear (H-J)-cquation (see (|4.42p ) 

j dt^^it,z) + [dMt,z)]f{zM^^{t,z)) = o,te[o,TizeR'\ 

{ ^ (4.50) 

[ V(o,^) = z G w\ 

and the proof is complete. □ 



Remark 4.4.3. Under the hypothesis (gSB]), the {x^{t]X) : t G [0,T],A G M"} 
generated by SDE (|434)) can be represented as follows 

^^{t;\) = G{w{t)) o F{e{t;\))[\\ = H{t,w{t);X), te [0,T], AgM" (4.51) 

where 9{t; A) = i<p(A). 

Lemma 4.4.4. Assume that (j4.36p and (j4.37p are satisfied and consider {A = 
i}}{t,z) : t G [0,T],z G M"} found in Lemma \4-.4-2\ Then the stochastic flow gen- 
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erated by SDE (ji^^ fulfils 

{x^{t]\) : t e [0,T], A e M"} can be represented as in ()4.5ip . (4.52) 

il){t,x) = ip{t,z{t,x)) is the unique solution of integral equations (|4.35p . 

^ (4.53) 
where z{t,x) = G{—w{t))[x\. 



Proof. Using the hypothesis (j4.36|) . we see easily that 

V{e,a)[\] :=G(ct)oF(6I)[A], 6',(7eK, AgM" (4.54) 

is the unique solution of the gradient system 

{dey{e,a)[\]=f{y{e,a)[\]), d.y{e,a)[\] ^ g{y{e,a)[\]), 
\ 2/(0,0) [A] = A 

Applying the standard rule of stochastic derivation associated with the smooth map- 
ping If (6, a) := y{0,a)[X\ and the continuous process 9 ~ d{t]X) = tip{X), a = w{t), 
we get that %{t; A) = y{e{t; A), w{t)), t € [0, T], fulfils SDE (|43i| . i.e. 

j dty^it; X) = ^{X)f{y^{t;x))dt + g{%{t; X)) o dw{t), t e [0,T], 

1^.(0; A). A. ^'-''^ 

On the other hand, the unicity of the solution satisfying (|4.34p lead us to the conclu- 
sion that x^{t;X) = y^{t;X), t G [0,T], and (|4.52p is proved. The conclusion (|4.53p is 
a direct consequence of (|4.52p combined with {A = ip{t, z) : t e [0, T], z G M"} is the 
solution defined in Lemma 14.4.21 The proof is complete. □ 

Lemma 4.4.5. Under the hypotheses in Lemma \4.4-4\ consider the continuous and 
!Ft-adapted process z{t,x) = G{—w{t))[x\, t G [0,r], x G M". Then the following 
SPDE of parabolic type is valid 

I dtz{t,x) + d^z{t,x)g{x)odw{t) = 0, < G [G,T],xx G M", 
I z(0, x) = X 

where the "o " is computed by 

h{t,x)odw{i) = h{t,x) ■ dw{t) — —dxh{t,x)g{x)dt, 

using Ito "■ ". 



Proof. The conclusion (|4.57|) is a direct consequence of applying standard rule of 
stochastic derivation associated with a = w{t) and smooth deterministic mapping 
H{a)[x] := G{~a)[x]. In this respect, using H{a) o G{a)[X] = A G M" for any 
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X = G{(t)[\], we get 

' da{H{a)[x]} = ~da,{H{cr)[x]} ■ g{x), a £ R, x G M", 

< dl{Hia)[x]} = d,{d.{H{a)[x]}} - • (4.58) 

= • g(x)} • a G M, x e R". 

The standard rule of stochastic derivation lead us to SDE 

dtz{t,x) = da{H{<j)[x]}^^^^t) ■ dw{t) + ^dl{H{a)[x]},=^(^t)dt, t e [0,T], (4.59) 

and rewritting the right hand side of (|4.59p (see (|4.58p ) we get SPDE of parabolic 
type given in (|4.57p . The proof is complete. □ 

Lemma 4.4.6. Assume the hypotheses (j4.36p and ()4.37p are fulfilled and consider 
{A = ij{t,x) : t e [0,T],x e K"} defined in Lemma ((4X4|) . Thenu{t,x) := h{tp{t,x)), 
t e [0,T], X e M", h e {Cl r\C'^){W^), satisfies the following nonlinear SPDE of 
parabolic type 

j dtu{t, x) + {dxu{t, x)J{x))ip{'ilj{t, x))dt + {da:u{t, x), g{x))odw{t) =0 
\u{0,x) = h{x),tG[0,T],xGM."', ^' ' 

where the "o" is computed by 

h{t, x)odw{t) = h{t,x) ■ dw{t) — —dxh{t,x)g{x)dt. 



Proof. By definition (see Lemma (|4.4.4p '). ip{t,x) = 'tl'{t,z'{t,x)), t G [0,T], where 
z{,x) = G{~w{t))[x] and {ip(t,z) e E." : t e [0,T], z G R"} satisfies nonlinear (H-J)- 
equations tf^l^ of Lemma SX^] In addition {z{t, x) G M" : < e [0, T], x G R"} fulfils 
SPDE (|437)) in Lemma |4X5l i.e. 

dtz{t,x) + dxz{t,x)odw{t) = 0, t e [0,r], a; e M". (4.61) 

Applying the standard rule of stochastic derivation associated with the smooth map- 
ping {A = V'(t, z) : t £ [0, T], z e K"} and stochastic process z(t, a;) := G{—w{t))[x] 
H{w{t))[x], t€ [0,T], we get the following nonlinear SPDE 

f dtip{t, x) + dxtpit, x)f{x)(p{ip{t, x))dt + dxip{t, x)g{x)odw{t) = 0, 

\ TpiO,x) ^x,te [0,T]. ^ ' ' 

In addition, the functional u(t, x) = h{ip{t, x)) can be rewritten u{t, x) = u{t, z{t, x)), 
where u{t, z) :— h{'tp{t, z)) is a smooth satisfying nonlinear (Il-J)-equations (see (|4.42p 
of Lemma [4X2]) 

f dtuit, z) + {d,u{t, z), f{z))ip{i^{t, z)) = 0, t G [0, T], z e R", 
I u(0,z) = h{z). 
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Using dUIIland we obtain SDPE fulfilled by {u{t,x)}, 

{dtu{t, x) + {dzu{t, z{t, x)),f{z{t, x)))ip{%l){t, x))dt + {d^uit, x), g{x))odw(t) = 0, 
u{0,x) = h{x), te[0,T],xe M". 

(4.64) 
(4.65) 

(4.66) 



The hypothesis ()4.36p allows us to write 

{dzu{t, z{t, x))J{z{t, x))) = dzu{t, z{t, x))[da:z{t, x)] [dxz{t, x)Y^f{z{t, x)) 

= {dMt,x)J{x)),te [0,T], xeR", 

and using ()4.65p into ()4.64p we get the conclusion (|4.60p . 

J dtu{t,x) + {dxu{t,x), f{x))(p{ip{t,x))dt + {dxu{t,x),g{x))odw{t) = 0, 
\u{0,x) = h{x), t e [0,T],x e R", 

where the "o" is computed by 

h{t,x)odw{t) = -^d^h{t,x)g{x)dt + h{t,x) ■ dw{t), (4.67) 

using Ito integral "•" . The proof is complete. □ 

Remark 4.4.7. The complete solution of Problem (PI) is contained in Lemmas 
\4-4-^\^-4-(>\ shall rewrite them as a theorem. 

Theorem 4.4.8. Assume that the vector fields f £ {Cb n nC2)(R";R"), g e 
(Cfei nC2)(M«;R"), and scalar function ip G lclnC^){R") fulfil the hypotheses (|436l) 
and (|4.37p . Consider the continuous and Tt- {A = V(t,.T G R") : t G [0,r],2; G R"} 
satisfying integral equations (|4.35|) . Then u{t,x) := h{ip{t,x)), t G [0,T], x G R", 
fulfils nonlinear SPDE of parabolic type (j4.60p (see Lemma \4.4-6^ , for each h G (C^ Ci 
C2)(R"). 



4.4.4 Solution for the Problem (P2) 



Using the same notations as in subsection 14.4. 3[ we consider the unique solution 
{x^{s;t,x) : s G [t,T]} satisfying SDE (|i35|) for each ^ t < T and a; G R". As far 
as SDE (j4.38p is a , the evolution of a functional S{t, x) := Eh{x^{T; t, x)), t G [0, T], 
X G M", h G {Cl nC^)(M"), will be described using the pathwise representation of the 
conditional mean values functional 

v{t,x) = E{h{x^,{T;t,x)) I tp{t,x)}, < t < T, a; G M". (4.68) 

Assuming the hypotheses (j4.36p and (|4.37p we may and do write the following integral 
representation 

x^{T;t,x) = G{w{T) - w{t)) o F[{T - t)ip{'ijj{t, x))][x], t < T, x G M", (4.69) 
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for a solution of SDE where G{a)[z] and F(t)[z], ct,t £ M, z e R", are the 

global flows generated by 5, / e (Cl (1 C2)(R"; R"). The right side hand of (|4J9)) is a 
continuous mapping of the two independent random variables, zi ~ [w{T) ~w{t)] G M 
and Z2 = ■>Pit,x) e R" (J"t-measurable) for each ^ t < T, x e W\ A direct 
consequence of this remark is to use a 

yit,x;X) = G{w{T) - w{t)) o F[{T ~ t)ip{X)][xl i < T, (4.70) 

and to compute the conditional mean values (|4.68p by 

v{t,x) - [Eh{y{t,x;\))]{X^i^{t,x)). (4.71) 

Here the functional 

u{t, x; A) := Eh{y{t, x; X)),te [0, T], x e R", (4.72) 

satisfies a backward parabolic equation (Kolmogorov's equation) for each A G R" and 
rewrite (|4.7ip as follows, 

v{t, x) = u{t, x; i:{t, x)),0^t<T,xe R". (4.73) 

In conclusion, the functional {S{t,x)} can be written as 

S{t, x) = E[E{h{x^{T; t, x)) \ ip{t, x)} = Eu{t, x] ^'(i, x)), ^ t < T, a; € R", 

(4.74) 

where {u{t,x\X) : t £ [0,T],a; S R"} satisfies the corresponding backward parabolic 
equations with parameter A G R", 

dtu{t,x;X) + {d^u{t,x;X)J{x,X)) + hd'^u{t,x; X)g{x), g{x)) = 0, 

2 (4.75) 
uiT,x;X) = hix), fix,X) ¥>(A)/(x) + -[dM^Mx). 

We conclude these remarks by a theorem. 

Theorem 4.4.9. Assume that the vector fields f,g and the scalar function ip of SDE 
(|4.38p fulfil the hypotheses (|4.36p (|4.37p . w/iere i/ie continuous and Tt - {^^{t.x) G R" : 
t G [0,T]} is defined in Theorem \4.4-.8\ Then the evolution of the functional 

S{t,x) Eh{x^{T;t,x)), t G [0,T], x G R", G {Cl C'^){R'') (4.76) 

can be described as in (|4.74p . where {u{t,x) : t G [0,r],x G R"} satisfies linear 
backward parabolic equations (j4.75|) for each X G R" . 

Remark 4.4.10. Consider the case of several vector fields defining both the drift and 
diffusion of SDE gSl, i.e. 

rn m 

itx = [V ^,{X)f,{x)]dt + y^g,{x) o dw,it), t G [0,T], 
?(0) A G R". 
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We notice that the analysis presented in Theorems \4-4-^\ and \4-4-'^ can be extended to 
this multiple vector fields case (see next section). 



4.4.5 Multiple vector fields case 



We are given two finite sets of vector fields {/i, . . . , /,„} C [Cb n f] C2)(M"; E") 
and {gi, . . . , gm} C (C^ nC^)(]R";R") and consider the unique solution {x^p{t, A) : t G 
[0,r],AeK"} of SDE 

y- rn m 

dtX^[Y^'f^{X)f^{x)]dt + y29^{^)°dw,{t),te[0,T],xeW", ^ ^ 

(4-78) 

, x{0) = A e K" 

where (p = {ipi, . . . , ip,n) C (C^ n C^) are fixed and w = (u'i(t), . . . , Wm{t)) € M™ is a 
standard Wiener process over a complete filtered probability space {il, T D {J^t}, P}. 
Each "o" in (|4.78p is computed by 

gi{x) o dwi{t) = gi{x) ■ dwi{t) + -[dxgi{x)]gi{x)dt, (4.79) 
using Ito integral "•" . 

Assume that {A = tp{t,x) G K" : t G [0,T],x € M"} is the unique continuous and 
J^t-adapted solution satisfying integral equations 

x^(t;X) = X eW\t e[0,T]. (4.80) 

For each h E (C^ n C^)(M"); associate stochastic functionals {u{t,x) — h{ip{t,x) : 
t G [0,T],x e R")} and {S{t,x) = Eh{x^{T;t,x)) : t e [0,T],x e R"}, where 
{x^{s]t,x) : s e [i,T],x e R"} satisfies the following SDE 

<is^= [^<i5i('/'(^, a;))/i(a;)]rfs + ^gj(a;)odi(;j(t), sG [t,r], 

S 'i=l i=l 

, x{t) = X. 



Problem (PI). Assume that 

{AI = {/i, . . . ,fm,gi, . . . , gm} arc muttualy commuting using Lie bracket i.e. 
[Xi,X2]{x) = for any pair Xi,X2(z M 

(4.81) 

Ty,A', e [0,-), (4.82) 
m 
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where V, snp{\d^ip.,{x)\ : a; g M"} and R'i = : x e R"}, i = 1, . . . ,m. 



Under the hypotheses (|4.8ip and (|4.82p . find the nonhnear SPDE of parabolic 
type satisfied by {u{t,x) = h{'ijj{t,x)),t G [0,T],.t € R"}, h G (C^ nC2)(R"), where 
{A = 'tjj{t,x) G R" : t G [0,r],x G R"} is the unique continuous and J^^-adapted 
solution of integral equations (|4.80p . 

Problem (P2). Using {A = ij{t,x) G R" : i G [Q,T],x € R"} found in (Pi), describe 
tire evolution of a functional S{t, x) — Ehix^p (T; t, x)) using backward parabolic equa- 
tions, where {x^{s;t,x) : s G is the unique solution of SDE 

m m 

dsx = [^(Pi{ip{t,x))fi{x)]ds + ^gi{x) o dwi{s), s G [t,T], 

i=i i=i (4-83) 

x{t} = X G R". 



4.4.6 Solution for (PI) 



Under the hypotheses (|i?FT|) and the unique solution of SPDE (|i?75)) can be 

represented by 

x^it; A) = G{wit)) o Fi9{t; A))[A] H{t, w{t); A) (4.84) 

where 

G{<j)[z] = Gi(ai) o . . . o G,„(a,„)[2], a = (ai, . . . ,a„0 G R", 

i^(a)[z] =Fi((Ti)o...oF,„(a„0[z], 0(t;A) = (i(^i(A),...,t^™(A)) gR" and 

{(f^,(a.)N,G.(a,)[z]) : a, G R,z G R"} 

are the global flows generated by (/i,5i), i & {1, . . . , m}. 

The arguments for solving (PI) in the case of one pair {f,g) of vector fields 
(see subsection (|4.4.3p ) can be used also here and we get the following similar results. 
Under the representation (|4.84[) . the unique continuous and J^t-adapted solution {A = 

ip{t, x) : t e [0, T],x e R"} solving equations 

x^{t; A) = X G R", i G [0,T] (4.85) 
will be found as a composition 

^Pit,x) = ip{t,z(t,x)), z(t,x) := G{-w{t))[x]. (4.86) 
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Here A = ^|J(t, z), t G [0, T], z E K." is the unique solution satisfying 



A = F{-e{t; X))[z] V{t, z; A), t e [0, T], z e M". 



(4.87) 



Lemma 4.4.11. Asume that (|4.8ip and (|4.82p is fulfilled. Then there exists a unique 
smooth mapping {A = "(/"(i, 2:) : t G [0, T], z G M"} solving (|4.87p suc/i t/iat 



where p = pi 



F{e{t;i^{t,z)))[i;{t,z)] = z e W\ t e [0,T], 

- zK := t G [0,r], z G 

•+/?,„ G [0, 1) and r{T,z) =TJ2T=i Ki\(pi{z)\. 



In addition, the following nonlinear (H-J)-equation is valid 

ra 

dMt, z) + dM. ^))/'(^)] = 0, t G [0, T], z G 

[V^(0,z) = z. 



(4.88) 



(4.89) 



The proof is based on the arguments of Lemma 14.4.21 in subsection 14.4.31 

Lemma 4.4.12. Assume that (|4.8ip and (j4.82p are satisfied and consider {A = 
■0(t,z) G R" : t G [0,r],z G R"} found in Lemma (|4.4.1ip . T/ien t/ie generated by 
SDE /it^/^fe 

{x^(t; A) : t G [0, T], A G M"} can he represented as in (gH]), (4.90) 

il){t,x) = il){t,z{t,x)), is the unique solution of (|4.85l) . 

^ (4.91) 
where z{t,x) ~ G{~w{t))[x]. 



The proof follows the arguments used in Lemma 14.4.41 of section 14.4.31 

Lemma 4.4.13. Under the hypothesis (|4.8H) . consider the continuous and J-f- z{t, x) = 
G{-w{t))[x], t G [0,T], a; G R". Then the following SPDE of is valid 

rn 

dtz{t,x) + d^z{t,x)gi{x)odw^{t) = 0, t G [0,T], x G M" 

1^1 (4.92) 

z(0, cc) = X, 
where the "o" is computed by 

hi{t,x)odwi{t) = hi{t,x) ■ dwi{t) - ^do,h^{t,x)gi{x)dt 

using Ito "• ". 
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Proof. The conclusion (|4.92p is a direct consequence of applying standard rule of asso- 
ciated with a = w{t) e M™ and smooth deterministic mapping H{(t)[x] = G{—a)[x]. 
In this respect, using H{(j) o G((t)[X] = X E K" for any x ~ G{(j)[X], we get 

d^^Hia)[x] ^ ~dAH{a)[x]}g,ix), a = (ai, . . . G K", x G W\ 

dl^{H{a)[x]} = 9,,{9,.{i?(a)[.T]}} = d,A-d,{H(<y)\x\}g,{x)\ (4.93) 
= d^{d^{H{a){x\}g,{x)}g,{x), a G M™, x e R" 

for each z G {1, . . . , m}. Recall that the standard rule of lead us to SDE 

dtz(t,2;) = ^9,,{iJ(a)[x]}(<,^„(t)) • dw,(t) + - ^ a2^{i/(a)[.T]}(,=„(t))dt, (4.94) 

1=1 1=1 

for any t E [0,T], x G K". Rcwritting the right hand side of ()4.94p (see (|4.93p ) we 
get SPDE of parabolic type given in ()4.92p . □ 



Lemma 4.4.14. Assume the hypotheses (j4.8ip and (j4.82p are fulfilled and consider 
{X = i'{t,x) -.te [0,T],.T G M"} de/ined m Lemma \44J2\ Then u{t,x) := h{ip{t,x)), 
t G [0,T], .T G M", ft. G (C^i nC2)(M"), satisfies the following nonlinear SPDE 

' ni 

dtu{t,x)+{dxu{t,x),^(pi{tp{t,x)fi{x)))dt 

i=l 

< ™ (4 95) 

+ ^(a,M(t,a:),ff,(x))odw;,(i) - 0, t G [0,T] 

1=1 

^ ti(0, x) = h(x) 
where the nonstandard "5" is computed by 

hi{t,x)odwi{t) = hi{t,x) ■ dwiit) - \-dxhi{t,x)gi{x)dt. 



The proof uses the same arguments as in Lemma 14.4.61 of section 14.4.31 



Theorem 4.4.15. Assume that the vector fields {/i, . . . , /™} C {Cbr\Clr\C'^){W'';W''), 
{gi,...,g™}C (Cb^ nC2)(R";R") and scalar functions {y^i, . . . , (^r„} C ifil C^ C'^){W^) 
fulfil the hypotheses \4-81\ and \4.8S\ 

Consider the continuous and J-^- {X = ip{t,x) G M" : t G [0,T],x G M"} satis- 
fying integral equations (j4.85p (see Lemma \4-.4.12^ . Then {u{t^x) :~ h{ip{t,x)) : t G 
[0,T],a; G R"} fulfils nonlinear SPDE of parabolic type (|4.95p (see Lemma \4-4-14\ l for 
each h G (C^ nC2)(R"). 
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4.4.7 Solution for (P2) 



As far as SDE (|4.83p is a non-markovian system, the evolution of a functional S{t, x) :— 
Eh{x^{T;t,x)), t e [0,T], x e R", for each h e (C^^ nC2)(R") will be described using 
the pathwise representation of the conditioned mean values functional 

v{t,x) := E{h{x^,{T;t,x)) \ i^{t,x)}, Oi^t<T,xe M". (4.96) 



Here x^{T] t, x) can be expressed using the following integral representation 

x^{T;t,x) = G{w{T) - w{t)) o F[{T - t)ip{i;{t,x))]{x), ==: t < T, (4.97) 

where G{a)[z] and F(cr)[z], <t = (cri , . . . , cr„ ,) € M'", x e M", are defined in (PI) 
(see (|4.84p ) for ip := (ipi, . . . ,(pm)- The right hand side of (|4.97p is a continuous 
mapping of the two independent random variables, zi ~ w{T) — u)(t) G K™ and 
Z2 = ipit, x) € K" (J"t-measurable) for each ^ < < T, a; e M". 

Using the parameterized random variable 

y{t,x]\) ^ G{w{T) - w{t)) o F[{T ^ t)Lp{X)\{x), Oi^t<T (4.98) 
we may and do compute the functional v(t,x) in (|4.96p by 

v{t,x) = [Eh{y{t,x;X))]{X = i^{t,x)), 0^t<T,xe M". (4.99) 
Here, the functional 

u{t, x; A) = Eh{y{t, x; A)), t e [0,T], x e M", (4.100) 

satisfies a backward parabolic equation (Kolmogorov's equation) for each A G M" and 
rewrite (|4.99p as follows, 

v{t, x) = u{t, x; V'(i, x)),Oi^t<T,xe K". (4.101) 

In conclusion, the functional S{t,x) = Eh{x^(T;t,x)) can be reprezented by 

S{t,x) = E[E{h{x^{T;t,x)) \ ij{t,x)}] = Eu{t, x]^p{t, x)) (4.102) 

for any ^ t < T, X e R", where {u{t,x;X) : t e [0,T],x e M"} satisfies the 
corresponding backward parabolic equations with parameter A G M" , 



1 

dtu{t,x;X) + {da:u(t,x;X),f{x,X)) + - ^{dlu{t,x; X)g^{x), g^^x)) = 

1=1 

m ^ rn 

u{T,x;X) = /i(a;), /(a;. A) = ^ ^j(A)/j(.t) + - ^[dxgt{x)]gt {x). 



2 

1=1 
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We conclude these remarks by a theorem. 

Theorem 4.4.16. Assume that the vector fields {/i, . . . , /™} C (CbnCfcinC2)(M"; M"), 
{51,..., g™} C (C^ n C^)(]R";IR"), and scalar functions (p {(pi, . . . ,ip„i) C (C/J n 
C2)(M") o/5£>£: (it^ /fil/^/ t/ie hypotheses and T/ien t/ie evolution of 

the functional 

S{t,x) := Eh{x^,{T;t,x)), t e [0,r], x G R", /i G (C^^ nC2)(R") (4.104) 

can be described as in (|4.102p . where {u(t,x;X) ; t G [0, T],a; G M"} satisfies linear 
backward parabolic equations (|4.103p , /or each A G R" . 



Final remark. One may wonder about the meaning of the martingale representa- 
tion associated with the non-markovian functionals h{x^{T;t, x)), h G (C^ nC^)(M"). 
In this respect, we may use the parameterized functional {u(t,x;X) : t G [0,r],a; G 
M"} fulfilling backward parabolic equations (|4.103p . Write 

h{x^{T;t,x)) = u{T,x^{T;t,x);X = ij{t,x)) (4.105) 

and apply the standard rule of stochastic derivation associated with smooth mapping 
{m(s, x; A) : s G [0, T],x G K"} and stochastic process {x^{s; t,x) : s £ [t, T]}. We get 

h{x.,p{T;t,x)) =u{t,x;X) + J (dg + L^)iu){s,x,p{s;t, x);X)ds 

m T ' ^ (4-106) 

+ {dxu{s,x^{s;t,x);X),gi{x))dwi{s), 

where Lj^{u){s,x; X) := {dxu{s,x; X), f{x, X)) + \ YA=ii9l'^{^^^'^^)9i{x),gi{x)) coin- 
cides with parabolic operator in PDE (|4.103p . Using (|4.103p for A = ?/)(t, x), we obtain 
the following martingale representation 

h{x^{T;t,x)) = u{t,x;ip{t,x)) + '^ I {dxu{s,x^{s;t, x); X), gi{x)) ■ dwi{s), (4.107) 

which shows that the standard constant in the markovian case is replaced by a J-f- 
measurable random variable u(t,x;'ip{t,x)). In addition, the backward evolution of 
stochastic functional {Q{t,x) := h{x^{T;t,x)) : t G [0,r],a; G M"} given in (|4.107p 
depends essentially on the forward evolution process {tp{t,x)} for each t G [0,T] and 
X G K". 



Bibliographical Comments 



The writing of this part has much in common with the references [I] and [llj . 
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